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HIGH PERFORMANCE  STRUCTURES 
Ralph L. Barne t t  and Paul  C .  Hermann 
I I T  Resea rch  Ins t i t u t e  
I. INTRODUCTION 
A. Objec t ives  
The t r ad i t i ona l  p rob lem o f  s t ruc tu ra l  des ign  is  t o  select 
a material and d i s t r i b u t e  i t  in  such  a way t h a t  t h e  l o a d s  are 
e q u i l i b r a t e d  and t h e  f u n c t i o n a l  o b j e c t i v e s  are s a t i s f i e d .  T h e r e  
i s  a m i s s i n g  l i n k  i n  t h i s  f o r m u l a t i o n  o f  t h e  d e s i g n  p r o c e s s  
which  re lega tes  i ts  p r a c t i c e  t o  t h e  realm of art and precludes 
i t s  ex i s t ence  as a s c i e n t i f i c  d i s c i p l i n e .  The missing  element 
i s  an e f f ic iency  yards t ick  which  measures  a des ign  wi th  r e spec t  
t o  i t s  weight o r  c o s t .  By imposing the addi t ional  requirement  
t h a t  a s t r u c t u r e  b e  "optimum," t h e  c h a r a c t e r  of t h e  t r a d i t i o n a l  
design problem i s  changed; indeed, the process of guessing a t  
the required geometry i s  replaced by a systematic  procedure 
which determines cer ta in  of  the open dimensions of  the s t ructure .  
Unfo r tuna te ly ,  t he  ava i l ab le  methods fo r  syn thes i z ing  op- 
timum geometries do not select  t h e  b e s t  p o s s i b l e  s t r u c t u r e s ,  b u t  
on ly  the  bes t  o f  a c e r t a i n  class o f  s t r u c t u r e s .  We n o t e ,  f o r  
example, t h a t  t h e  optimum s o l i d  column i s  u s u a l l y  i n f e r i o r  t o  an 
q rd ina ry  th in  w a l l  column. It i s  a t  t h i s  j u n c t u r e  t h a t  t h e  crea- 
t i ve  p rocess  i s  needed; needed t o  g i v e  u s  t h a t  "quantum  jump" 
which  br ings  us  to  a new class o f  p o s s i b i l i t i e s .  Having used our 
i n t u i t i o n  t o  create a d i f f e r e n t  t y p e  o f  s t r u c t u r e ,  w e  must soon 
supplement i t  wi th  va r ious  op t imiza t ion  too l s  which can penetrate 
more s k i l l f u l l y  i n t o  t h e  r a m i f i c a t i o n s  of ou r  b ra inch i ld ren .  Even 
t h e  most c r ea t ive  peop le  are pre judiced  by  the i r  exper ience .  
I .  
which i s  o f t e n  a good s e r v a n t  b u t  a bad master. As a n  i l l u s t r a t i o n  
i t  i s  almost  inconceivable  to  a s t r u c t u r a l  e n g i n e e r  t h a t  a b a r  i n  
tension  could  buckle .   In  fact ,  however,  Biezeno  and Grammel des- 
c r i b e  p r e c i s e l y  t h i s  p r o b l e m  i n  t h e i r  famous books. 
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The objec t ive  of  th i s  program i s  to  s tudy the problems of  
high performance s t ructures  at  b o t h  t h e  c r e a t i v e  l e v e l  and t h e  
formal   opt imizat ion level. S p e c i f i c a l l y ,   t h e  program ca l l s  f o r  
the development of basic optimum components,  the generation of 
new c o n c e p t s ,  t h e  e x t e n s i o n  o f  e x i s t i n g  c a p a b i l i t i e s ,  t h e  demon- 
s t r a t i o n  o f  f e a s i b i l i t y ,  t h e  c o l l e c t i o n  and c r i t i c a l  review of 
a v a i l a b l e  works , the development of new t h e o r i e s ,  and t h e  clar-  
i f ica t ion   of   apparent   anomol ies .   S ince  t h e  i n v e s t i g a t i o n  i s  
v i sua l i zed  as a c o n t i n u i n g  e f f o r t ,  t h e  v a r i o u s  a c t i v i t i e s  c a n  
be expected to  be a t  d i f fe ren t  s tages  of  progress .  This  neces-  
s i t a t e s  a r a the r  he t e rogeneous  r epor t  t r ea t ing ,  as i t  does,  both 
completed studies and those  cu r ren t ly  in  p rogres s .  
I n  a r a the r  pe r sona l  ve in ,  t h e  authors have to admit t o  a 
growing disposit ion towards a s t r u c t u r a l  game which w e  c a l l  
1 1  zero  mass s t r u c t u r e s . "  The r u l e s  of t h e  game require   s imply 
t h a t  one adopt a s t r u c t u r a l  b e h a v i o r  model i n  a given circumstance 
and squeeze i t ,  s o  t o  s p e a k ,  u n t i l  i t  y i e l d s  a zero weight compo- 
nent .   This  may, for   example ,   requi re   tha t  some dimensions  trans- 
c e n d  t h e  f i n i t e  o r  t h a t  some phys ica l  and s t r u c t u r a l  laws be  
broken which were or iginal ly  excluded from t h e  behavior model. 
The r e su l t s  o f  such  d ive r s ions  are usua l ly  in s t ruc t ive ;  t hey  
often expose the shortcomings of  our assumptions or models ; and 
they  sometimes  point  o  important new l ines   o f   i nqu i ry .   Seve ra l  
examples of ze ro  mass s t r u c t u r e s  a p p e a r  i n  t h i s  r e p o r t .  
B .  The  Problem of S t ruc tura l  Des ign  
For the purposes of this program, a s t r u c t u r e  i s  def ined as 
a material o b j e c t  which must r e l i a b l y  m a i n t a i n  i t s  geometry 
w i t h i n  c e r t a i n  limits when s u b j e c t e d  t o  a loading environment. 
I n  t h e  way of  ampl i f ica t ion ,  the  loading  w i l l  be taken as t h e  
mechanical,  thermal, chemical, and e lec t r ica l  environments. Also, 
l i q u i d s  and gases  are added t o  t h e  t r a d i t i o n a l  s o l i d  s t r u c t u r a l  
materials. 
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The classical approach t o  s t r u c t u r a l  d e s i g n  embraced only 
two func t ions ;  se lec t ion  of  a material from a f i n i t e  number of 
candida tes  and development  of  the  structural   geometry.  The in- 
t roduct ion  of  pres t ress ing  grea t ly  en larged  the  des igner ' s  capa-  
b i l i t i es  by enabl ing him t o  abandon t h e  r e s t r i c t i o n  t h a t  a zero  
state of stress cor respond to  an unloaded s t ructure .  Very re- 
cent ly  the  technique  of  proof  tes t ing  w a s  in t roduced  in  a s p e c i a l  
way which enables  the designer  to  select the  s t ronger  e lements  
from a set of  nominal ly  ident ical  ones thereby capi ta l iz ing on 
t h e  s ta t i s t ica l  na ture  of  materials. During the course of  the 
present program, it became apparent  that  energy must be  added t o  
t h e  l i s t  of  design  parameters.  Summarizing,  then,  the  tools  cur- 
r e n t l y  a v a i l a b l e  t o  t h e  designer  are: 
1. S e l e c t i o n  of Materials from a F i n i t e  Number of 
Candidates 
2 .  Development  of t h e  S t r u c t u r a l  Geometry 
3 .  Pres tress ing  
4 .  Proof   Tes t ing /S ta t i s t i ca l   Sc reen ing  
5 .  System  Energy 
C .  Summary of   Resul ts  
Adopting t h e  f ive  gene ra l  des ign  too l s ,  w e  have undertaken 
the  s tudy  of  optimum tens ion  members, columns, and t r u s s e s .  Some 
of  our  resu l t s  are a b s t r a c t e d  i n  t h i s  s e c t i o n .  
1. D-esinz PhilosophVBased on Proor  Tes t inn  or  S t a t i s t i ca l  
Screening. - A simple design philosophy i s  introduced which turns 
t h e  c h a r a c t e r i s t i c  scatter i n  f r a c t u r e  s t r e n g t h s  and y i e l d  s t r e n g t h s  
i n t o  an asset. It d o e s  t h i s  by focusing i t s  a t t e n t i o n  on the  s t rong  
e lements  in  a populat ion ra ther  than  the  weak ones.  The  problem, 
of course, i s  t o  i d e n t i f y  t h e  s t r o n g  members and we d i scuss  two 
d i s t i n c t  methods f o r  d o i n g  t h i s .  The f irst  of   these  considers  
the consequences of  screening out  a l l  weak elements by means of 
a des t ruc t ive  proof  tes t .  The idea,  which i s  a p p l i e d  t o  b r i t t l e  
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state  materials, is  t h a t  members which survive the proof tes t  
are s t ronge r  and more reliable than  those  in  t h e  o r i g i n a l  pop- 
u l a t i o n .  When nondes t ruc t ive  test  methods are a v a i l a b l e ,  as 
they are f o r  e s t a b l i s h i n g  y i e l d  s t r e n g t h ,  weak elements need not 
be  e l imina ted ;  a l l  members are monitored and l a b e l e d  w i t h  t h e i r  
i nd iv idua l   s t r eng th   va lues .  With th i s   i n fo rma t ion   t he   des igne r  
may select h igh  s t r eng th  members when he demands minimum weight ;  
he may choose low s t rength  bulky  members f o r  elastic s t a b i l i t y  
problems; or he may u t i l i z e  members i n  a degree  p ropor t iona l  t o  
t h e i r  a c t u a l  s t r e n g t h .  I n  t h i s  lat ter case,  f o r  example, a co l -  
l e c t i o n  o f  A7 s t r u c t u r a l  s teel  t ens ion  members can be coordinated 
to  provide  an  average  res i s tance  of  40 k s i  as opposed t o  t h e  de- 
t e r m i n i s t i c  minimum s t r eng th  va lue  of 30 k s i .  W i t h i n  t h i s  c o l -  
l e c t i o n  w e  w i l l  f i n d  a few members which provide nearly double 
t h e  minimum stress l e v e l .  
I n  t h e  broades t  terms, p roof  t e s t ing  recasts the performance 
a s p e c t s  o f  b r i t t l e  d e s i g n  i n t o  an  economic  framework. When no regard 
i s  g i v e n  t o  c o s t ,  i t  i s  r ead i ly  appa ren t  t ha t  un l imi t ed  s t r eng th  
d i s t r i b u t i o n  f u n c t i o n s  l e a d  t o  components  of i n f i n i t e  s t r e n g t h ,  
100 p e r c e n t  r e l i a b i l i t y ,  and zero  weight .  Even wi th  l imi t ed  
d i s t r ibu t ions  one  can  ob ta in  excep t iona l ly  h igh  s t r eng th  and ,  
t he re fo re ,   ve ry   l i gh twe igh t   s t ruc tu res .   Fu r the rmore ,   app l i ca t ion  
of  the return per iod concept  always l e a d s  t o  t h e  h i g h l y  d e s i r a b l e  
l e g a l  p o s i t i o n  o f  a t t a i n i n g  components which are 100 percent  re- 
l i a b l e .  The question,  then, i s ,  "What must w e  pay for  these  achieve-  
ment s ? '' 
Once a p r o o f  t e s t i n g  c a p a b i l i t y  i s  assumed, i t  i s  a s t r a i g h t -  
forward matter t o  re la te  b e h a v i o r  t o  c o s t .  It then becomes  pos- 
s i b l e  t o  select  s t r u c t u r a l  w e i g h t  i n  a r a t i o n a l  way. Furthermore, 
w e  are a b l e ,  f o r  t h e  f i r s t  t i m e ,  t o  u n i q u e l y  i d e n t i f y  a b e s t  mate- 
r i a l  wi th in  the  framework  of c o s t .  F i n a l l y ,  an  optimum s t r u c t u r a l  
geometry can be defined in terms of minimum cost ;  whereas  , a l l  
geometries are equal ly  good from t h e  standpoint of weight and s t r e n g t h  
when t h e  materials used  have  unl imi ted  s t rength  d is t r ibu t ions .  
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2 .  S i z e  Ef fec t  i n  Duc t i l e  Tens ion  Members. - A statist ical  load- 
r e d i s t r i b u t i o n  model f o r  d u c t i l e  t e n s i o n  members is  proposed 
t h a t  reflects the  inf luence  of  bo th  length  and c r o s s - s e c t i o n a l  
area on member s t r e n g t h  and r e l i a b i l i t y .  The mathematical con- 
sequences of t h i s  model are explored  in  an  exac t  and i n  an asymp- 
t o t i c  framework.  The v a r i a b i l i t y  of the hypothesized meuiber is  
shown to  dec rease  wi th  inc reas ing  l eng th  o r  area; t h e  most prob- 
a b l e  v a l u e  o f  y i e l d  stress decreases  wi th  length  and inc reases  
wi th  area. 
3 .  Pressur ized  Column. - The concep t  o f  p re s t r e s s ing  i s  used t o  
eliminate l o c a l  b u c k l i n g  i n  a tubu la r  column. Affec t ing  the  pre-  
stress by  pressur iz ing  the  meniber, we obtain what i s  c e r t a i n l y  
a most  remarkable c o l u k .  In t h e  first p lace ,  it r e p r e s e n t s  
t h e  l i g h t e s t  column yet  proposed for  low s t r u c t u r a l  i n d i c e s ;  it 
c a n  e a s i l y  b e  s e v e r a l  o r d e r s  of magnitude l ighter  than the tension 
t i e d  column  which i s  a l so  pres t ressed .  Next ,  i t s  weight is pro- 
p o r t i o n a l  t o  PL (load times length) which makes it unique i n  t h e  
column family  where we  normally  f ind P af3 L (a 6 1, f3 > 1) . Because of 
t h i s  p r o p e r t y  w e  may, f o r  t h e  first time, design real is t ic  Michel l  
s t r u c t u r e s  for  low s t r u c t u r a l  i n d i c e s .  h o t h e r  p r o v o c a t i v e  p r o p -  
e r t y  of t h e  p r e s t r e s s e d  column is  t h a t  i t s  weight i s  independent 
o f  t he  modulus o f  e l a s t i c i t y  E of  the  column material. To b e  
sure ,  h igher  E's l e a d  t o  less bulky members. Seve ra l  o the r  spec ia l  
c h a r a c t e r i s t i c s  c a n  b e  n o t e d ;  much thinner  gages may b e  u s e d  i n  
t h e  p r e s t r e s s e d  column compared wi th  the  unpres t r e s sed  o r  conven- 
t i ona l  one ;  t he  p re s t r e s sed  column may b e  f o l d a b l e ;  and f i n a l l y  
the extremely s imple design procedure avoids  any dependance on 
the  h igh ly  con t rove r s i a l  classical buckl ing theory for t h i n  
w a l l e d  c i r c u l a r  c y l i n d e r s .  
! 
4. C l a s s i c a l  Column Design. - I g n o r i n g  t h e  p o s s i b i l i t y  of l o c a l  
buckl ing,  as i s  the  cus tom in  the  classical problems, two  column 
designs were considered which required the optimum l o n g i t u d i n a l  
d i s t r i b u t i o n  o f  a s p e c i f i e d  t o t a l  mass to  prevent  Euler  buckl ing .  
I 
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The f irst  o f  t h e s e  t r e a t e d  t h e  t h i c k n e s s  d i s t r i b u t i o n  i n  a 
column wi th  a bounded diameter .  A simple approach, based on 
the constant  bending stress property of optimum columns, re- 
p l a c e d  t h e  u s u a l  v a r i a t i o n a l  c a l c u l u s  method normally used to  
a t t ack  th i s  p rob lem.  Our second problem dealt  with the classic 
s imply  suppor ted  so l id  column which i s  approached by means of 
dynamic  programming. T h i s   e f f o r t  i s  p repa ra to ry   t o   t he   s tudy  
of optimum columns constrained by y i e ld ing  and loca l  buck l ing  
c r i t e r i a  and by minimum t h i c k n e s s  s p e c i f i c a t i o n s .  
5.  Energy-Strength  Tradeoff.  - Sometimes energy may be  converted 
i n t o  r e s i s t i n g  f o r c e  a t  v e r y  a t t r a c t i v e  f o r c e / w e i g h t  r a t i o s .  Con- 
s i d e r ,  f o r  example, a ho l low to rus  f i l l ed  wi th  a c i r c u l a t i n g  f l u i d .  
The cen t r ipe t a l  fo rce  deve loped  by t h e  f l u i d  creates a t e n s i l e  
p r e s t r e s s  i n  t h e  walls o f  t he  to rus .  We observe  that   an  increase 
i n  t h e  f l u i d  v e l o c i t y  i n c r e a s e s  t h e  t e n s i l e  p r e s t r e s s  w i t h o u t  
increasing  the  weight   of   the  sys tem.  Now, i n  t h e  l i m i t  w e  can 
imagine an i n f i n i t e  f l u i d  v e l o c i t y  p r o d u c i n g  any des i r ed  fo rce  
wi th  a vanishingly small quan t i ty  o f  f lu id .  The  p r a c t i c a l  l i m -  
i t a t i o n s  which a t t end  the  app l i ca t ion  o f  t hese  ideas  to  nea r  
pe r fec t  f l u ids  such  as l iquid hel ium have not  y e t  been explored; 
b u t ,  t h e o r e t i c a l  p r e s t r e s s e d  columns of vanishing weight can be 
f orec as t . 
Certain technical problems have been dealt  with in connec- 
t i o n  w i t h  bo th  pressur ized  and "fluid  flowing"  columns.  In  par- 
t i c u l a r ,  it has been shown t h a t  r e s i s t a n c e  t o  E u l e r  b u c k l i n g  i s  
no t  con t r ibu ted  by gas  o r  l i qu id  p re s su re  o r  by the f low of  
f lu ids .  Tha t  i s ,  the  Euler   load  of  a column-fluid s y s t e m  i s  
independent of the s t a t i c  p res su re  o r  t he  k ine t i c  ene rgy  o f  t h e  
f lu id .   Buck l ing   r e s i s t ance  i s  de r ived   i n   t he  classical  manner 
f rom the  s t i f fnes s  o f  t he  s y s t e m .  
6 .  Design of Trusses  for  Minimum Weight and Def lec t ion .  - The 
s t i f f n e s s / w e i g h t  r a t i o s  o f  s t a t i c a l l y  d e t e r m i n a n t  p l a n e  o r  
space  t russes  are maximized  by a d j u s t i n g  t h e i r  b a r  areas and  by 
op t imiz ing  the i r  conf igu ra t ions .  When minimum b a r  areas are 
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spec i f i ed  toge the r  w i th  the  ou t l ine  o f  a t r u s s ,  a simple non- 
l i n e a r  programming problem i s  obtained which yields  a g loba l  
optimum. In the pure def lect ion problem where minimum b a r  
areas are not   ass igned ,   th ree  cases  are encountered.  In  one, 
no  phys ica l  so lu t ions  ex i s t ;  i n  t he  second ,  a unique se t  of  
b a r  areas are obta ined  which  represent  the  absolu te  minimum 
weight  design for  a spec i f i ed  de f l ec t ion  o r  conve r se ly ;  and 
i n  t h e  las t ,  a degenerate  case i s  obta ined  in  which  pos i t ive ,  
nega t ive ,  o r  zero  def lec t ion  can  be  achieved  a t  a node with an 
i n f i n i t e  number of   t russ   designs  of   vanishing  weight .  Under 
very special  c i rcumstances the minimum d e f l e c t i o n  t r u s s e s  d i s -  
play  uniform stresses. Here, the  optimum t r u s s  c o n f i g u r a t i o n  
cor responds  to  a Miche l l  s t ruc tu re  des igned  fo r  equa l  t ens i l e  
and compressive stresses. In   gene ra l ,  however, t h e   t r u s s   o u t -  
l i n e  may be  ad jus ted  to  produce  the  degenera te  case i n  which 
any d e f l e c t i o n  i s  o b t a i n a b l e  w i t h  s t r u c t u r e s  o f  a r b i t r a r i l y  
small weight . 
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11. TENSION MEMBERS 
A .  Sta t i s t i ca l   Na tu re   o f   S t r eng th  
A des ign  ph i losophy  dea l ing  wi th  f r ac tu re  s t r eng th  and 
y i e l d  s t r e n g t h  i s  propounded i n  t h i s  c h a p t e r .  Using  the  simple 
t ens ion  member fo r  i l l u s t r a t ion ,  t he  p roposed  p rocedures  l ead  
t o  p r a c t i c a l  t e n s i o n  members of l i gh te r  we igh t  and lower c o s t  
and t o  t h e o r e t i c a l  members of  zero  mass. The bas i s  o f  t hese  p ro -  
cedures i s  t h e  r e c o g n i t i o n  t h a t  s t r e n g t h  i s  s t a t i s t i ca l  i n  n a t u r e .  
When nominally identical  tension specimens are t e s t e d  t o  y i e l d  
o r  f r ac tu re ,  t hese  s t r eng th  va lues  are charac te r i s t ica l ly  spread 
over a wide range which appears t o  broaden as more  and more elements 
are sampled. A t y p i c a l  s t r e n g t h  d i s t r i b u t i o n  i s  i l l u s t r a t e d  i n  
F igure  1 where a histogram and i t s  a s soc ia t ed  p robab i l i t y  dens i ty  
or frequency curve are shown fo r  t he  y i e ld  s t r eng th  o f  A7 s t r u c -  
t u r a l  s teel  spec imens .   These   resu l t s   represent  3124 m i l l  t e s t  
specimens that were drawn  from 30,000 t o n s  o f  s t r u c t u r a l  s tee l  
over a per iod  of  ten  years. It should be noted that  two tes t  
r e s u l t s  f e l l  below the specif ied minimum of 33 k s i ;  t h e  l o w e s t  
value was 31,090 psi .  
The familiar "bell  shaped" frequency curve i s  n o t  t h e  most 
meaningful way of  descr ib ing  a s t r e n g t h  d i s t r i b u t i o n ;  t h e  c l o s e l y  
r e l a t e d  c u m u l a t i v e  d i s t r i b u t i o n  f u n c t i o n  i s  p r e f e r a b l e  s i n c e  i t  
provides  the  engineer  wi th  the  very  impor tan t  t radeoff  re la t ion-  
ship between s t rength and r e l i a b i l i t y .  The s o l i d  l i n e  i n  F i g u r e  2 
i l l u s t r a t e s  a t y p i c a l  d i s t r i b u t i o n  c u r v e .  F o r  any stress value 
a long  the  absc i s sa ,  t he  o rd ina te  to  the  cu rve  g ives  the  p robab i l i t y  
o f  f a i l u r e .  The so l id  curve  has  been  l imi ted  on  the  le f t  and r i g h t  
a t  values of stress cor responding  to  t h e  ze ro  p robab i l i t y  and the  
100 percent   p robabi l i ty   s t rengths .   For  stress leve ls   be low  the  
ze ro  p robab i l i t y  s t r eng th ,  no f a i lu re s  can  occur ;  fo r  stress 
l e v e l s  above the  100  percent  probabi l i ty  s t rength ,  there  can  be  
no su rv iva l .  Fo r  many materials , it appears  tha t  the  zero  prob-  





2 D e v i a t i o n  % Class S t r e s s  Class No. of Frequency 
from Median Mark  ( k s i )   T e s t s  
-20  t o  -15 -17.5 
-15 t o  -10 -12.5 
-10 t o  - 5 - 7.5 
- 5 t o  0 - 2 . 5  
0 t o  5 2 . 5  
5 t o  1 0  7 .'5 
10 t o  15 12 .5  
15 t o  70 1 7 . 5  
20 t o  2 5  22.5 
25 t o  30 2 7 . 5  
30 t o  35 32.5 
35 t o  40 37.5 
40 t o  45 4 2 . 5  







43 .31  
45.24 
4 7 . 1 6  





High Value 5 6 , 6 5 0  p s i  
Low Value 3 1 , 0 9 0  p s i  
Me a n  3 9 , 6 3 0  p s i  
C o e f .   V a r i a t i o n  ?.kg% 
Median ( e s t . )  38,500 p s i  
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R e s u l t s  o f  Mill Tests r ep resen t ing  approx ima te ly  
3 0 , 0 0 0  t o n s  o f  s t r u c t u r a l  s t ee l  i n s t a l l e d  a t  
v a r i o u s  p r o j e c t s  d e s i g n e d  by  Jackson  and  Moreland 
from  1938 t o  1948. 
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Fig2 TYPICAL CUMULATIVE PROBABILITY CURVE FOR THE 
STRENGTH OF AN ELEMENT 
I n  t h e  case of  the  100 pe rcen t  p robab i l i t y  stress, there  does 
not appear to be an obvious upper bound; however, i t  may be  
c o n j e c t u r e d  f o r  b r i t t l e  materials t h a t  s t r e n g t h s  as high as t h e  
theo re t i ca l  mo lecu la r  s t r eng th  are p o s s i b l e  i n  view of recent 
ev idence  tha t  s ing le  c rys t a l  f i l amen t s  approach  such  stress 
l e v e l s .  
B .  Design  Philosophy 
The c lass ical  approach t o  s t r u c t u r a l  d e s i g n  i n  d u c t i l e  mate- 
r i a l s  i s  based on a de te rmin i s t i c  desc r ip t ion  o f  material res- 
ponse which e i t h e r  i n c o r p o r a t e s  s t a t i s t i c a l  behavior  impl ic i t ly  
o r  i gnores  i t  a l toge ther .   Dur ing   the  l as t  decade w e  have  seen 
the  growth  of s t a t i s t i c a l  design  procedures  which  recognize 
t h e  t r u e  n a t u r e  o f  s t r e n g t h  and account   for  it exp l i c i t l y .  
T h i s  new point of view i s  almost  indispensible  for  analyzing 
t h e  i n t e g r i t y  o f  b r i t t l e  s t a t e  materials. 
In  the  au tho r s '  op in ion ,  bo th  the  de t e rmin i s t i c  and r ecen t  
s t a t i s t i c a l  theor ies  emphas ize  the  nega t ive  aspec ts  of  s t rength ,  
i . e .  , those  s t rength  va lues  assoc ia ted  wi th  low f a i l u r e  p r o b a b i l -  
i t i e s .  A procedure i s  proposed i n  t h i s  s e c t i o n  which  looks t o  
t h e  h i g h e r  s t r e n g t h  v a l u e s  i n  a d i s t r i b u t i o n  and t h e  p o s s i b i l i t i e s  
of  using them. We s h a l l  b r i e f l y  o u t l i n e  each of  the three design 
p h i l o s o p h i e s  j u s t  i d e n t i f i e d .  
1. Speci f ied  Minimum St rength .  - The c lass ica l  de t e rmin i s t i c  
design theory i s  based on  one  of two concepts :  e i t he r  a s t r e n g t h  
v a l u e  e x i s t s  which  leads  to  fa i lure  i f  exceeded  and insures  
s a f e t y  when unreached or a non-zero minimum s t r e n g t h  v a l u e  e x i s t s  
( z e r o  p r o b a b i l i t y  s t r e n g t h ) .  I n  e i t h e r  case such  values are des- 
ignated as t h e  minimum s p e c i f i e d  s t r e n g t h  f o r  a material and they 
become t h e  b a s i s  f o r  d e s i g n .  L e t  u s  specu la t e  fo r  a moment on the  
y i e l d  s t r e n g t h  d i s t r i b u t i o n  f o r  A7 s t r u c t u r a l  s t ee l  as repor ted  
i n  two test  series;  t h a t  desc r ibed  in  F igu re  1 and another  in- 
volving 850 tes ts  which may be  found  in  F reuden tha l ' s  pape r  ( r e f . l ) .  
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In  bo th  series the lowest observed value was 31.1 ks i  which 
i s  be low the  spec i f ied  minimum of 33 k s i .  The va lue  33 k s i  i s  
c l ea r ly  unconse rva t ive  and w i l l  l e a d  t o  one f a i l u r e   i n  a thou- 
sand specimens which is  a n  i n t o l e r a b l e  r e l i a b i l i t y  i n  most 
a p p l i c a t i o n s .  As a matter of i n t e r e s t  w e  no te  Freudentha l ' s  
remark ,  "Cons ider ing  tha t  the  resu l t s  of  m i l l  tests are cons is -  
t en t ly  h ighe r  t han  those  o f  s t anda rd  tests as a r e s u l t  of t h e  
h ighe r  t e s t ing  speeds ,  i t  appea r s  t ha t  t he  spec i f i ca t ion  of a 
minimum of 27,000 p s i   t o  28,000 p s i  might be more reasonable  i f  
the  probabi l i ty  of  va lues  fa l l ing  be low the  minimum is t o  b e  
lower  than 10 . -3  11 
The d u c t i l e  metals usua l ly  d i sp l ay  h igh  va lues  of t h e  z e r o  
p r o b a b i l i t y  s t r e n g t h .  Bri t t le  materials, on the  other   hand,  
o f t e n  show minimum s t r eng th  va lues  which are q u i t e  low even 
when the i r  ave rage  s t r eng ths  are cons iderable .  When one  adopts 
t he  de t e rmin i s t i c  des ign  theo ry ,  it i s  q u i t e  clear t h a t  an 
accura te  de te rmina t ion  of  the  zero  probabi l i ty  s t rength  is  de- 
s i r a b l e .  E r r o r  i n  t h e  d e t e r m i n a t i o n  i s  compensated, w e  hope, 
by t h e  t r a d i t i o n a l  s a f e t y  f a c t o r ;  t h e  a l l o w a b l e  t e n s i l e  s t r e n g t h  
of A7 s t r u c t u r a l  s teel  i s  20 k s i  p r o v i d i n g  a s a f e t y  f a c t o r  o f  
1.65. Using methods described i n  t h e  n e x t  s e c t i o n ,  w e  have es- 
t ima ted  the  ze ro  p robab i l i t y  s t r eng th  o f  t he  da t a  in  F igu re  1 
0 
: as 30 k s i .  
2 .  Re l i ab i l i t y  Des ign .  - When materials d i sp lay  low "zero  prob- 
a b i l i t y  s t r e n g t h s , "  economy demands t h a t  some risk be  assumed by 
des igning  wi th  h igher  s t rength  va lues .  No a l t e rna t ive  p rocedure  
e x i s t s ,  of course ,  when t h e  z e r o  p r o b a b i l i t y  s t r e n g t h  is zero .  
Using the  cumula t ive  d i s t r ibu t ion  cu rve ,  which by d e f i n i t i o n  is  
s t r i c t ly  monotonic,  the engineer can select the  s t r eng th  a s so -  
c i a t e d  w i t h  any f a i l u r e  p r o b a b i l i t y  F ;  t h e  l o w e r  t h e  r e l i a b i l i t y  
(1-F) t h e  h i g h e r  t h e  s t r e n g t h .  The use of such a cu rve  in  des ign  
d i f f e r s  f rom the usual  s ta t i s t ica l  app l i ca t ions  which are, concerned 




demand f o r  s t r u c t u r a l  components of high r e l i a b i l i t y  f o r c e s  
t h e  d e s i g n e r  t o  d e a l  w i t h  t h e  low f a i l u r e  p r o b a b i l i t i e s  a s s o -  
c i a t ed  wi th  the  lower  po r t ion  o f  t he  d i s t r ibu t ion  cu rve .  
Unfortunately,  because of  the rareness  of  extreme events ,  
a s u i t a b l e  d e f i n i t i o n  o f  t h e  l o w e r  d i s t r i b u t i o n  t a i l  w i l l  re- 
qui re  an  enormous amount of  da ta .  The convent ional  and  more 
economica l  a l te rna t ive  to  such  a prospect  i s  t o  f i n d  an a n a l y t i c  
expression of a d i s t r i b u t i o n  f u n c t i o n  which c l o s e l y  d e s c r i b e s  
t h e  a v a i l a b l e  d a t a  and t h e n  t o  e x t r a p o l a t e  t o  f i n d  t h e  stresses 
which  correspond  to  low f a i l u r e   p r o b a b i l i t i e s .   I n d e e d ,  t h i s  
i s  the  only  poss ib le  procedure  for  def in ing  the  zero  probabi l i ty  
s t ress .  We h a s t e n  t o  p o i n t  o u t ,  however, t h a t  r e g a r d l e s s  o f  t h e  
goodness  of f i t  o b t a i n e d  f o r  t h e  ex i s t ing  da ta ,  t he  behav io r  
a t  the  lower  d i s t r ibu t ion  t a i l  w i l l  always remain a m y s t e r y .  
Considering t h i s  matter a l i t t l e  f u r t h e r ,  w e  must remember 
t h a t  a d i s t r i b u t i o n  f u n c t i o n  r e p r e s e n t s  t h e  behavior of an in- 
f i n i t e  amount of d a t a .  I n  s p i t e  o f  t h i s ,  however, we must t r y  
t o  d e s c r i b e  i t ,  using  only a f i n i t e  number of tes ts .  When var- 
ious  samples  of  s t rength  da ta  are drawn  from t h e  same i n f i n i t e  
popula t ion ,  the  d is t r ibu t ion  curves  for  each  sample  w i l l  be 
d i f fe ren t .   Consequent ly ,   the  estimate o f   t he   ze ro   p robab i l i t y  
s t r e n g t h  from each sample w i l l  b e  d i f f e r e n t  and t h e  c o l l e c t i o n  
of  such estimates w i l l  themselves  have a d i s t r ibu t ion .  Thus ,  
w e  have not rea l ly  escaped a s t a t i s t i c a l  problem when w e  adopt 
t h e  de t e rmin i s t i c  t heo ry ,  w e  j u s t  s o r t  of ignor i t .  
It i s  our  opin ion  tha t  the  most perplexing problem in sta- 
t i s t i c a l  s t r eng th  theo ry  i s  t h e  d e s c r i p t i o n  of the lower t a i l  
of t h e  d i s t r i b u t i o n  c u r v e .  The es t imated  behavior  in  th i s  range  
i s  q u i t e  s e n s i t i v e  t o  t h e  precise  form adopted for  t h e  t r i a l  
d i s t r ibu t ion   func t ion .   Th i s ,   o f   cou r se ,  must be  of   the  type 
t h a t  i s  l imi t ed  on t h e  l e f t .  We n o t e  t h a t  F r e u d e n t h a l  f i t  t h e  
d i s t r i b u t i o n  o f  A7 s t ee l  wi th  a log-normal  d is t r ibu t ion  func t ion  
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t h a t  w a s  l imi t ed  on t h e  l e f t  at  zero.  Even a t  stress l e v e l s  
as l a r g e  as 33 k s i  h i s  p r o b a b i l i t y  o f  f a i l u r e  estimate of 0.01 
i s  o f f  by an order of magnitude from the observed data estimate 
of 0.001. 
One of  the most  important  implicat ions of  s t rength var ia-  
b i l i t y  c a n  b e  found i n  a "s ize  effect" o r  dependence of strength 
upon  volume. To see t h i s  l e t  us  consider  a bas ic  e lement  or  
bu i ld ing  b lock  wi th  the  f a i lu re  p robab i l i t y  cu rve  shown i n  
F igure  2 .  We now v i s u a l i z e  a s t r u c t u r a l  component cons t ruc ted  
from n such elements  in  which the it' member s u s t a i n s  a stress ai. 
C l e a r l y ,  t o  f i n d  t h e  s t r e n g t h  o f  a component w e  must re la te  t h e  
o v e r a l l  s t r e n g t h  t o  t h a t  o f  t h e  e l e m e n t s .  A s  an i l l u s t r a t i o n ,  
i n  a p e r f e c t l y  b r i t t l e  material f a i l u r e  a t  any p o i n t  i n  a 
s p e c i m e n  n e c e s s a r i l y  c o n s t i t u t e s  o v e r a l l  f a i l u r e  of t h e  specimen. 
We rep resen t  t h i s  behavior w i t h  t h e  series o r  cha in  model shown 
i n  F i g u r e  3 a .  Here, t h e  p r o b a b i l i t y  t h a t  t h e  cha in  w i l l  surv ive ,  
l -Fs ,  i s  e q u a l  t o  t h e  p r o b a b i l i t y  t h a t  t h e  v a r i o u s  l i n k s  w i l l  
s imultaneously survive,  
F o r  n o m i n a l l y  i d e n t i c a l  l i n k s  s u b j e c t e d  t o  d i f f e r e n t  stresses w e  
ob ta in ,  
n 
1 - Fs = [l-F(  oi)] 
i= 1 
where F is  t h e  f r a c t u r e  p r o b a b i l i t y  of our   basic   e lement .  The 
s i z e  e f f e c t  may be  in fe r r ed  from the  obse rva t ion  tha t  t he  number 
o f  l i nks  n i s  p ropor t iona l  t o  the  l eng th  o f  t he  cha in .  
When a b a s i c  e l e m e n t  f a i l s  i n  most materials, a l t e r n a t i v e  
load paths  are provided and component f a i l u r e  d o e s  n o t  n e c e s s a r i l y  
occur.  A t y p i c a l  l o a d  r e d i s t r i b u t i o n  model i s  shown i n  F i g u r e  3b 
which i n d i c a t e s  t h a t  f a i l u r e  o f  a l i n k  removes  one s t r and  from 
t h e  c a b l e ;  o v e r a l l  f a i l u r e  w i l l  no t  t ake  p l ace  i f  t he  su rv iv ing  
s t r a n d s   c a n   e q u i l i b r a t e   t h e   l o a d .  C l e a r l y ,  t h e  series model 
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A.  Series  Model B. Series- Parallel Model 
FIG. 3 LOAD REDISTRIBUTION MODELS 
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provides   no  load  redis t r ibut ion.   Consequent ly ,  i f  w e  adopt 
t h i s  model f o r  real  materials w e  w i l l  e i t h e r  b e  e x a c t  i n  
our  pred ic t ions  or  w e  w i l l  unde res t ima te  the  s t r eng th  of our 
components which are assumed t o  f a i l  when o n l y  l o c a l  f a i l u r e  
has  occurred .  For  th i s  reason  the  series model can  be  used as 
t h e  basis of a conse rva t ive  ana lys i s  t heo ry  app l i cab le  to  any 
material r ega rd le s s  of i t s  a c t u a l  l o a d  r e d i s t r i b u t i o n  b e h a v i o r .  
F o r  d u c t i l e  materials such a theory i s  too  conserva t ive ;  for 
b r i t t l e  materials which act predominately in  a series fash ion  
it  is  more r e p r e s e n t a t i v e .  
T o  i l l u s t r a t e  some o f  t he  f ea tu res  o f  s t a t i s t i ca l  design,  
w e  sha l l  cons ider  the  problem of  propor t ion ing  a s imple tension 
member fabricated from a b r i t t l e  ( s e r i e s )  material whose f r ac -  
t u r e  s t r e n g t h  d i s t r i b u t i o n  i s  given by t h e  W e i b u l l  d i s t r i b u t i o n  
func t ion  ( ref .  2 )  
= o  
where V i s  t h e  volume of a t ens ion  member, v i s  a u n i t  volume, 
and Do, Ou'  and m are s t a t i s t i c a l  parameters and constants of the 
material. By rewri t ing  Equat ion(3)we  can  express   the  res is tance 
a as a funct ion of  the volume, t h e  material cons t an t s ,  and a 
s p e c i f i e d  p r o b a b i l i t y  o f  f r a c t u r e  F ,  t h u s ,  
0 = + O o ( v )  [ - l ~ g ( l - F ) ] " ~  . . . r e s i s t a n c e  ( 4 )  v l / m  U 
where the t e r m  i n  t h e  b r a c k e t s  i s  always non-negat ive s ince the 
s u r v i v a l  p r o b a b i l i t y  (1-F) i s  always i n  t h e  c l o s e d  i n t e r v a l  z e r o  
t o  one. Now, the  app l i ed  stress on a tens ion  member of  length L 
and c r o s s - s e c t i o n a l  area A i s  
a="=- P PL ... appl ied  
A V  ( 5) 
17 
I f  w e  p l o t  t h e  member volume aga ins t  t he  app l i ed  and r e s i s t i n g  
stresses as i n  F i g u r e  4 ,  w e  f i n d  t h a t  t h e  smallest admissible  
volume is  obtained when the  two stresses are equal.   This  con- 
d i t i o n  r e s u l t s  i n  t h e  f o l l o w i n g  a l g e b r a i c  e q u a t i o n  f r o m  which 
w e  o b t a i n  t h e  minimum volume. 
where W i s  t h e  member weight and p i s  the  weight  dens i ty .  
From Equation ( 6 )  w e  f i n d  t h a t  t h e  weight of a tens ion  
member des igned  fo r  100  pe rcen t  r e l i ab i l i t y  (F=O) i s  given by 
w -  PL - ( q 3  
This ,  of  course,  i s  the  de te rminis t ic  des ign  weight  based  on 
t h e  z e r o  p r o b a b i l i t y  s t r e n g t h  uu. A t  the   other   extreme,  Equa- 
t i o n  ( 6 )  gives  us  a zero weight member  when w e  assume t h e  
g r e a t e s t  p o s s i b l e  r i s k ,  F = l .  T h i s  l a t t e r  r e s u l t  i s  no t  unex- 
pec ted  s ince  the  Weibu l l  d i s t r ibu t ion  func t ion  r equ i r e s  an  
i n f i n i t e  stress t o  produce 100 p e r c e n t  f r a c t u r e  p r o b a b i l i t y .  
For  values  of  F between zero and uni ty ,  Equat ion (6 )  must i n  
genera l  be  so lved  numer ica l ly  for  the  tens ion  member weight.  
E x p l i c i t  s o l u t i o n s  may be  found,  however, i n  t h e  t h r e e  s p e c i a l  
cases where ou = 0,  m = 1, o r  m = 2 .  Taking uu = 0, for  example, 
the weight  becomes 
When the  load ,  length ,  and r e l i a b i l i t y  o f  a t ens ion  member are 
s p e c i f i e d  , one  can  readi ly  eva lua te  var ious  materials by com- 
p a r i n g  t h e i r  a s s o c i a t e d  W’s. This  procedure i s  i l l u s t r a t e d  i n  
Table I us ing  th ree  materials. Because m/  (m-1) i s  approximately 
un i ty  fo r  r easonab ly  l a rge  va lues  o f  m y  the loading index t e r m  
(PL) in Equation (1)does not greatly influence weight comparisons 
among materials. Furthermore, when m-, the  weight  approaches 
W = PL/(uo/p) where ao/p i s  t h e  s p e c i f i c  t e n s i l e  s t r e n g t h  o f  a 
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3. S t a t i s t i c a l  Screening  or  Grouping. - One of t h e  most  provoc- 
a t i v e  c h a r a c t e r i s t i c s  o f  t h e  d i s t r i b u t i o n  c u r v e  i s  t h a t  i t  ind ic-  
ates the  ex i s t ence  o f  a few e x t r a o r d i n a r i l y  s t r o n g  members i n  t h e  
populat ion.  Our problem  then i s  t o  i d e n t i f y  and u t i l i z e  t h e s e  
s t rong  members. This  may be done i n  two ways depending on whether 
d e s t r u c t i v e  o r  n o n d e s t r u c t i v e  methods are ava i lab le  for  gaging  
the  s t rength  of   an  e lement .  The des t ruc t ive   p rocedure   e l imina tes  
t h e  weak elements  leaving a t runca ted  d i s t r ibu t ion  o f  s t rong  
members. When nondes t ruc t ive  t es t  methods  can  be  used  one  simply 
monitors every element and records i t s  s t r e n g t h  f o r  f u t u r e  r e f e r -  
ence.  Each  procedure i s  d iscussed   in   the   fo l lowing   sec t ions .  
C . Des t ruc t ive  Tes t ing  (Review) 
Ef fec t ive  nondes t ruc t ive  methods are no t  p re sen t ly  ava i l ab le  
f o r  d e t e r m i n i n g  t h e  f r a c t u r e  s t r e n g t h  of b r i t t l e  s t a t e  materials. 
In  such  c i rcumstances  the  s t rong  members i n  a populat ion are in-  
d i s t inguishable  f rom t h e  weak ones which are a l s o  p r e s e n t  and 
s a f e t y  demands the assumption of low s t r e n g t h  f o r  a l l  members. 
Thus, not only are weak e l emen t s  i n t r in s i ca l ly  undes i r ab le ,  bu t  
t h e i r  p r e s e n c e  p r e c l u d e s  t h e  f u l l  u t i l i z a t i o n  of t h e  s t rong ones.  
Fo r  th i s  r eason ,  i t  seems expedient  to  seek  some method of screen- 
ing  ou t  t he  weaker elements and a mechanical proof t es t  appears 
t o  p r o v i d e  j u s t  s u c h  a screening  opera t ion .  
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The dashed l i n e  i n  F i g u r e  2 i s  t h e  d i s t r i b u t i o n  c u r v e  ob- 
t a ined  by e l imina t ing  a l l  of the elements which f a i l  under a 
proof stress of a I f  t h e  components  which  survive  the  proof 
t e s t  are unaffected by the tes t ,  t h a t  i s ,  i f  no damage i s  accu- 
mula t ed ,  t he  t runca ted  d i s t r ibu t ion  func t ion  F (a) f o r  t h e s e  
s u r v i v o r s  c a n  b e  r e l a t e d  t o  t h e  o r i g i n a l  d i s t r i b u t i o n  f u n c t i o n  
F ( a )  i n  a manner o r ig ina l ly  desc r ibed  by Weibull .  The p r o b a b i l i t y  
o f  f a i l u r e  a t  a stress 0 i n  t h e  t r u n c a t e d  p o p u l a t i o n  i s  e q u a l  t o  
t h e  r a t i o  o f  t h e  number o f  f a i l u r e s  a t  stress a i n  a sample of 
s i z e  N ,  NF(a) - NF(ap),  and t h e  t o t a l  number of  surv ivors ,  
N - NF(up).  Hence, 
P' 
P 
= o  a < a  
P 
When s t ruc tu ra l  e l emen t s  are proof  tes ted ,  the  surv ivors  show 
g r e a t e r  s t r e n g t h  a t  e v e r y  r e l i a b i l i t y  l e v e l  and less v a r i a b i l i t y  
i n  s t r e n g t h .  The s h i f t i n g  of t he  t runca ted  cu rve  to  t h e  r i g h t  
o f  t he  pa ren t  cu rve  in  F igu re  2 i l l u s t r a t e s  t h e  i n c r e a s e  i n  
s t r e n g t h ;  t h e  c o n s t r i c t e d  scatter between the 5 and 9.5 percent  
p r o b a b i l i t y   l e v e l s   i n d i c a t e s   t h e   d e c r e a s e d   v a r i a b i l i t y .  The 
improvement i n  s t r e n g t h  and scat ter  with increasing proof  stress 
follows  immediately  from  Equation ( 9 ) ,  i . e . ,  F ( a )  5 F ( o )  and 
F'(a) 1 F '  ( a ) .  P 
P 
The b e n e f i t s  o f  p r o o f  t e s t i n g  c o n t i n u e  t o  i n c r e a s e  u n t i l  
a i s  taken as g r e a t  as t h e  100  percent   probabi l i ty  stress,  
P 
a t  which  point,  a l l  t he   su rv ivo r s  assume t h i s  s t r e n g t h .  The 
advantages  of  high  proof stress l e v e l s  are, however,  attended 
by  economic d isadvantages .   Spec i f ica l ly ,   the  number of  weaker 
e lements  that  are removed from the populat ion increases  w i t h  
the  proof  stress l e v e l .   F i g u r e  2 i nd ica t e s   t ha t   t he   pe rcen tage  
of  re jected elements  F(a  ) i s  found from the parent population 
a t  a stress a Clear ly   then ,  when a approaches  the 100 per- P' P 
c e n t  p r o b a b i l i t y  stress, t h e  number of specimens screened from 
the population approaches 100 percent.  
P 
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Now then ,  proof  tes t ing  of  a s p e c i f i c  s t r u c t u r a l  component 
provides the designer with an additional parameter with which 
he may achieve  h igher  s t rength  and r e l i a b i l i t y  a t  the expense 
o f  g rea t e r  s c rap .  When no regard i s  g i v e n  t o  c o s t ,  it i s  r e a d i l y  
appa ren t  t ha t  un l imi t ed  d i s t r ibu t ion  func t ions  l ead  to  components 
o f  i n f i n i t e  s t r e n g t h ,  100 p e r c e n t  r e l i a b i l i t y ,  and zero weight .  
Even wi th  l imi t ed  d i s t r ibu t ions  one  can  ob ta in  excep t iona l ly  h igh  
s t rength   and ,   therefore ,   very   l igh tweight   s t ruc tures .   Fur thermore ,  
when circumstances permit the proof t es t  t o  be matched ident ical ly  
wi th  the  ac tua l  l oad ing ,  t he  su rv iv ing  components are 100 percent  
r e l i a b l e .  The question,  then, i s :  'what  must w e  pay f o r  t h e s e  
achievements?" 
A r a t i o n a l  a p p r o a c h  t o  t h i s  q u e s t i o n  c a n  b e  made using a con- 
c e p t  from  extreme  value s ta t i s t ics  c a l l e d  t h e  r e t u r n  p e r i o d .  The 
r e t u r n  p e r i o d  p r e d i c t s  t h e  number of  prototypes required,  on the  
average,  to  produce  one  prototype  which is  s a t i s f a c t o r y  ( r e f .  3 ) .  
I t s  formula i s  s imply  the  rec iproca l  of  the  surv iva l  probabi l i ty ,  
i . e . ,  1/ [l-F(x)] . To u t i l i z e  t h e  r e t u r n  p e r i o d  as a des ign  too l ,  
one must have some means o f  s e l e c t i n g  t h e  good p a r t s  from the 
bad ,  tha t  i s ,  a s e r v i c e  o r  p r o o f  t e s t  must be performed on the 
var ious   p ro to types .   I f   the   p roof  tes t  does  not damage the  one 
good prototype which i s  p re sen t  i n  the  g roup  p red ic t ed  by t h e  
r e t u r n  p e r i o d ,  t h e  r e s u l t i n g  s t r u c t u r e  i s  100 p e r c e n t  r e l i a b l e .  
To i l l u s t r a t e  t h e  u s e  o f  t h e  r e t u r n  p e r i o d  w e  s h a l l  c o n s i d e r  
two fundamental  problems; the cost-strength problem and t h e  c o s t -  
weight problem. 
a. Cos t -S t r eng th   T radeof f :   In   ou r   f i r s t  example w e  sha l l   deve lop  
the  re la t ionship  be tween the  s t rength  and cos t  o f  a p e r f e c t l y  
b r i t t l e  t e n s i o n  member of length L 2 ,  volume V2,  and c r o s s - s e c t i o n a l  
area A 2 .  We begin  by e s t a b l i s h i n g  t h e  member's s t r e n g t h  d i s t r i b u -  
t ion  F2(f2)   where f 2  i s  t h e  r e s i s t i n g  f o r c e  o f  t h e  member. This  
may be done by f r a c t u r e  t e s t i n g  t e n s i l e  s p e c i m e n s  o f  l e n g t h  L1, 
volume V1, and area A1. Recording  the i r  s t rengths  f l y  w e  can  p lo t  
t he  spec imen  s t r eng th  d i s t r ibu t ion  F l ( f l ) .  Now, F2  and F1 may be 
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related through Equation (2) where the volume V2 i s  considered 
t o  c o n t a i n  V2/V1 volumes  of V1. Thus, 
where 
Wr i t ing  the  r e tu rn  pe r iod  in  terms of F1 and f2 w e  ob ta in  the  
des i r ed  cos t - s t r eng th  r e l a t ionsh ip ,  
A t y p i c a l  p l o t  o f  t h i s  e q u a t i o n  is  shown i n  F i g u r e  5 where w e  
observe  tha t  the  reg ion  of  rap id  r ise i n  c o s t  f o r  o n l y  a modest 
improvement i n  i n t e g r i t y  i s  c h a r a c t e r i s t i c  o f  t h e  p r o o f  t e s t i n g  
procedures .   This   f igure  enables   one  to  select  t h e  g r e a t e s t  
s t r e n g t h  c o n s i s t a n t  w i t h  h i s  b u d g e t .  
When the  r e tu rn  pe r iod  approaches  in f in i ty ,  t he  s t r eng th  f 
approaches i t s  1 0 0  p e r c e n t  r e l i a b i l i t y  s t r e n g t h  which i s  e i t h e r  
unbounded or  of  t h e  order  of  magni tude  of  the  theore t ica l  s t rength  
of  the  material. This  i s  t rue  o f  any design,  and as a consequence , 
a l l  designs can be made f o r  a l l  p r a c t i c a l  s i t u a t i o n s  t o  have the 
same s t rength .   Therefore ,   the  real  c r i t e r i o n  of t he   bes t   des ign  
i s  one tha t  ach ieves  a g iven  s t rength  a t  t h e  least  c o s t .  
b.   Cost-Weight  Tradeoff:   In  those  instances  where w e  c a n   r e f l e c t  
the relat ionship between the dimensions of  a component and i t s  
r e l i a b i l i t y  t h r o u g h  a s imple formula,  the return per iod provides  
a powerful  design tool .  For  example,  the total  volume of material 
G which i s  requi red  to  produce  one  acceptab le  component of volume V 
i s  g iven  by  the  product  of  the  re turn  per iod  and t h e  component 
volume , 
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In  those  cases where c o s t  is  p r o p o r t i o n a l  t o  volume, a minimum 
c o s t  d e s i g n  i s  obtained by minimizing G. In t h e  case of  a 
t ens ion  member of length  L which i s  ca r ry ing  a load P and which 
i s  constructed from a Weibull material, t h e  t o t a l  volume becomes 
S e t t i n g  t h e  first de r iva t ive  o f  G w i t h  r e s p e c t  t o  V e q u a l  t o  
zero,  we  ob ta in  
PL m PL m- 1 vx 0 + v(- -xu) -meL(, -xu)  = 0. 
In  genera l ,  s ta t ionary  va lues  of  Equat ion  (15) must be found 
numerical ly;  however ,  c losed form solut ions exis t  for  m = 1, 
m = 2 , and xu = 0. For example, when xu = 0 w e  ob ta in  
The assoc ia ted  minimum t o t a l  volume  and stress are r e s p e c t i v e l y ,  
The second derivative of G evaluated a t  V i s  given by 
op t  
when m > 1. 
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For m g r e a t e r   t h a n   u n i t y   t h i s   q u a n t i t y  i s  p o s i t i v e  and V leads  
t o  a r e l a t i v e  minimum of G. 
op t  
It can  a l so  be shown t h a t  f o r  m = 2 and xu # 0 w e  achieve 
a r e l a t i v e  minimum f o r  G when 
Vopt X L 
2lg I 
For m = 1 and  xu # 0, Equat ion (15)  leads to  a r e l a t i v e  maximum 
a t  V = vxo/xu.  Equation  (15) w i l l  probably lead to  minima f o r  
a l l  m > 1 and xu > 0. 
Taking typical  values  for  the parameters  in  Equat ion (14)  w e  
have p l o t t e d  t h e  c o s t  G aga ins t  t he  component  volume V i n  F igu re  6 .  
We observe t h a t  when V i s  t o o  l a r g e  f o r  a pa r t i cu la r  app l i ca -  
t i o n ,  a smaller component  volume can be obtained a t  t h e  expense 
of g r e a t e r  t o t a l  volume.  Equation (13) can  be  solved  numerically 
f o r  t h e  smallest V assoc ia ted  wi th  any s p e c i f i e d  G which  i s  g r e a t e r  
than Gopt . We has t en  to  po in t  ou t  t h a t  the  general  approach i s  
app l i cab le  fo r  cos t  c r i t e r i a  t h a t  are more sophis t ica ted  than  
Equation (13).  
op t  
A s  a f i n a l  remark on p roof  t e s t ing  w e  s h a l l  comment on t h e  ex- 
t r a p o l a t i o n - i n t e r p o l a t i o n  a s p e c t s  o f  t h e  c u m u l a t i v e  d i s t r i b u t i o n  
func t ion .  The problem  of  describing  the  lower t a i l  of t h e  d i s t r i -  
but ion curve takes  on an e n t i r e l y  d i f f e r e n t  c h a r a c t e r  when the  
population i s  t runca ted .  Here, the  proof stress 0 becomes t h e  
zero  probabi l i ty  s t rength  and ,  therefore ,  va lues  of  s t ress  co r re s -  
ponding to  low-fa i lure  probabi l i t i es  can  be  found by i n t e r p o l a t i o n .  
Fur thermore ,  the  dens i ty  of  da ta  in  t h e  neighborhood of t h e  proof 
stress becomes re la t ive ly  h igh  for  even  modera te  leve ls  of  0 
and, consequently, the lower t a i l  can be accurately def ined with 
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D .  Nondestruct ive  Test ing 
The d u c t i l e  t e n s i o n  member l e n d s  i t s e l f  n a t u r a l l y  t o  a 
nondes t ruc t ive   de te rmina t ion   of  i t s  y i e l d  s t r e n g t h .  I n  most 
materials, b r ing ing  a d u c t i l e  component t o  i n c i p i e n t  y i e l d  by 
mechanical means produces almost no degradation in i t s  s ta t ic  
or   fa t igue   p roper t ies .   Proceeding  on t h i s  b a s i s  w e  s h a l l  as- 
sume t h a t  a l l  members considered by a designer have been mon- 
i t o r e d  and l a b e l e d  w i t h  t h e i r  i n d i v i d u a l  s t r e n g t h  v a l u e s .  
Two p o s s i b i l i t i e s  arise concerning t h e  behavior of a c o l l e c -  
t i o n  o f  t e n s i o n  members. E i t h e r  t h e r e  i s  a member-to-member 
v a r i a t i o n  i n  s t r e n g t h  o r  t h e r e  are p o i n t - t o - p o i n t  v a r i a t i o n s  i n  
each member. We sha l l  b r i e f ly  cons ide r  ezch  o f  t hese  cases. 
1. Member-to-Member Var ia t ion .  - T h e r e  i s  a p o s s i b i l i t y  t h a t  
a l l  metal elements poured from a s ing le  hea t  have  the  same y i e l d  
s t r e n g t h  o r  a t  wors t  d i sp lay  a very small sca t te r .  I n  such c i r -  
cumstances ei ther  a f u l l  s c a l e  t es t  o r  a coupon tes t  can be used 
t o  e s t a b l i s h  t h e  s t r e n g t h  o f  a member. Granting t h i s  s ta te  of 
a f f a i r s ,  why then do w e  f i n d  t h e  v a r i a b i l i t y  shown in  F igu re  1 
f o r  s t r u c t u r a l  s teel?  One explana t ion  may be  t h a t  t h e  scat ter  
i s  caused by hea t - to -hea t  va r i a t ions  which  occur when s t ee l  i s  
produced i n  d i f f e r e n t  p l a n t s  and a t  d i f f e r e n t  times. 
An i n t e r e s t i n g  i m p l i c a t i o n  arises from t h e  p o s s i b i l i t y  of 
exper ienc ing   hea t - to-hea t   d i f fe rences .  The s t r e n g t h   d i s t r i b u t i o n  
expressed by the frequency curve of  Figure 1 may no t  ex i s t .  Tha t  
i s  , the  next  3000 tests may produce a r a d i c a l l y  d i f f e r e n t  c u r v e .  
S ince  the  en t i re  foundat ion  of  s t a t i s t i c s  rests on t h e  assumption 
t h a t  t h e  f requency  curve  ex is t s ,  t h e  r e l i a b i l i t y  d e s i g n  p r o c e d u r e s  
d e s c r i b e d  i n  s e c t i o n  11-B-2 w i l l  break down immediately i n  t h e  
face   o f   th i s   incons is tan t   manufac tur ing   capabi l i ty .   Unless   the  
d i s t r i b u t i o n  c u r v e  i s  s u b s t a n t i a l l y  r e p r o d u c i b l e ,  p r e d i c t i o n s  o f  
t h e  low p r o b a b i l i t y  s t r e n g t h s  are impossible .  
* 
* 
The d i s t r i b u t i o n  c u r v e  o f  each  in f in i t e  subse t  of t h e  o r i g i n a l  
populat ion must be i d e n t i c a l  i f  t h e  d i s t r i b u t i o n  i n  fact  e x i s t s .  
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In  the  l i gh t  o f  t he  nondes t ruc t ive  t e s t ing  p rocedures  as- 
sumed in  ou r  d i scuss ions ,  i t  is  n o t  v i t a l  t h a t  t h e  d i s t r i b u t i o n  
c u r v e  e x i s t .  The s t r eng th  o f  any ind iv idua l  member i s  neve r  in  
ques t ion ;  however ,  to  forecas t  p rec ise ly  the  number of members 
f a l l i n g  between s a y  40 k s i  and 45 k s i  w i l l  i n  f a c t  r e q u i r e  a 
p rope r  d i s t r ibu t ion  cu rve .  The d is t inc t ion  be tween the  relia- 
b i l i t y  and the   p roo f   t e s t ing   ph i lo soph ies  i s  enormous. I n  
r e l i a b i l i t y  d e s i g n  any " funny  bus iness"  wi th  the  d i s t r ibu t ion  
curve may adve r se ly  a f f ec t  t he  s t r eng th  o f  a component. On t h e  
other hand, a f a l s e  d i s t f i b u t i o n  c u r v e  c a n n o t  a f f e c t  i n t e g r i t y  
when members are p r e t e s t e d .  I n  t h i s  latter case, however,  any 
planning which involves group predictions such as economic s t ra t -  
egy o r  l o g i s t i c s  may be ser ious ly   j eapord ized .  
The concepts of minimum weight and minimum cos t  des ign  can  
readi ly  be  explored  by r e f e r r i n g  t o  F i g u r e  1. Th i s  co l l ec t ion  
of data provides no information regarding an upper bound  on t h e  
y i e l d  s t r e n g t h .  As a matter o f  f a c t ,  t h e  d a t a  c a n  b e  e f f e c t i v e l y  
portrayed by d i s t r i b u t i o n  f u n c t i o n s  which  are unl imited on the  
r igh t .   I ndeed ,   t he re  i s  no   r eason   t o   be l i eve   t ha t  any extremely 
h igh  s t r eng th  va lue  canno t  be  ob ta ined  i f  pa t i ence  and funding 
enable one to sample a s u f f i c i e n t l y  l a r g e  number of specimens. 
T h i s  p o s s i b i l i t y  r u l e s  o u t  minimum weight design as a g o a l  t o  b e  
pursued  wi thout  cons idera t ion  of  cos t .  
Even t h e  most cursory  cons idera t ion  of  F igure  1 revea l s  t h e  
economic p o t e n t i a l  o f  t h e  NDT philosophy. The r a t iona l  de t e rmin -  
i s t i c  design of a 1000 tens ion  members would be based on a work- 
ing stress of 30 k s i  ( z e r o  p r o b a b i l i t y  s t r e n g t h )  i n  e a c h  member. 
The ac tua l  s t r eng th  o f  t hese  1000 members would correspond t o t h e  
mean s t r e n g t h ,  39,630 ps i ,   r eco rded   i n   F igu re  1. Here, of   course ,  
each of  the 1000 nominal ly  ident ical  members would opera te  a t  a 
d i f f e r e n t  s t n e s s  l e v e l  and correspondingly carry a d i f f e r e n t  l o a d .  
C l e a r l y ,  i f  t h e  c o s t  of de t e rmin ing  the  ind iv idua l  y i e ld  
s t r e n g t h s  i s  less than  the  cos t  o f  t h e  po ten t ia l  weight  sav ings ,  
33 percent ,  we have achieved a net advantage.Furthermore,  that  
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por t ion  of a s a f e t y  f a c t o r  which covers the uncertainty surround- 
ing material s t rength  can  be  reduced .  
Because no v a r i a b i l i t y  fs assumed wi th in  a member, w e  have 
no  s t rength  sca l ing  problems and the  foregoing  observa t ions  are 
a p p l i c a b l e  t o  any t y p e  o f  s t r u c t u r a l  s teel  component t h a t  i s  
y i e l d  s t r e n g t h  l i m i t e d  i n  i t s  performance. The p o t e n t i a l  c o s t  
advantage when NDT i s  used i s  a t  least  (am - a u ) / u u  over  the 
determinis t ic  design where am i s  t h e  mean s t r e n g t h  and uu t h e  
ze ro   p robab i l i t y   o r   spec i f i ed  minimum s t r eng th .   Th i s  i s ,  of 
course,   the   s implest   v iew  of  t h e  problem  since i t  weights  or  
eva lua tes  t h e  value of  a member i n  p r o p o r t i o n  t o  i t s  y i e l d  s t r e n g t h .  
A more sophis t icated approach might  place a premium on high stress 
members because   o f   the i r   l igh ter   weight .   Fur ther ,   the   va lue   o f  
low stress members may be  grea te r  than  expec ted  because  of  the i r  
bu lk  and t h e  i m p o r t a n t  e f f e c t s  t h i s  may have on moment o f  i n e r t i a  
i n  beams and columns. 
The most provocat ive implicat ion of  t h e  proposed design pro- 
cedure l i e s  i n  t h e  prospect of basing designs on  pounds n o t  p s i .  
F o r  s t a t i c a l l y  d e t e r m i n a t e  t r u s s e s  t h i s  c l ea r ly  poses no problem; 
b u t ,  f o r  h y p e r s t a t i c  s t r u c t u r e s  t h e  c o s t  o f  a member w i l l  depend 
upon both i t s  s t r e n g t h  and bulk.  Minimum c o s t  d e s i g n  i n  t h i s  
framework must employ a very broad-based approach involving t h e  
e n t i r e   d e s i g n ,   f a b r i c a t i o n ,  and inventory  process.  Our f u t u r e  
s t u d i e s  w i l l  cons ider  optimum t radeoff  re la t ionships  be tween com- 
ponent weight and c o s t .  
2 .  Poin t - to-Foin t   Var ia t ion .  - I n  t h i s  s e c t i o n  w e  s h a l l  e x p l o r e  
the  impl ica t ions  of a p o i n t - t o - p o i n t  y i e l d  s t r e n g t h  v a r i a t i o n  i n  
a d u c t i l e  t e n s i o n  member. A s  p r e v i o u s l y  p o i n t e d  o u t  f o r  b r i t t l e  
materials, such scat ter  i n   s t r e n g t h   i m p l i e s  a s i z e  e f f e c t .  To 
dea l  wi th  th i s  problem w e  must again re la te  t h e  overa l l  behavior  
of a tens ion  member t o  i t s  loca l  behav io r .  To do t h i s  w e  s h a l l  
imagine that t h e  tens ion  member i s  a col lect ion of  tension specimens 
f o r  which t h e  y i e l d  s t r e n g t h  d i s t r i b u t i o n  has been obtained. 
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Now, w e  obse rve  tha t  y i e ld ing  o f  a t ens ion  member r e q u i r e s  t h a t  
yielding occur  throughout  one or  more t r ansve r se  sec t ions .  We 
ref lec t  t h i s  b e h a v i o r  i n  t h e  model shown i n  F i g u r e  7.  
Refer r ing  to  th i s  f igure ,  each  spr ing-weight  combina t ion  rep-  
r e s e n t s  a tension  specimen. We n o t e  t h e  f o l l o w i n g  c h a r a c t e r i s t i c s :  
1. The  c o e f f i c i e n t s  o f  s ta t ic  and  ynamic f r i c t i o n  are 
b o t h  e q u a l  t o  v .  
2 .  The maximum r e s i s t a n c e  o f  e a c h  s l i d e r  i s  e q u a l  t o  p 
times i t s  t o t a l  w e i g h t .  
3 .  Each spring-weight  combination  produces an e las t ic-  
per fec t ly  p las t ic  type  of  load-def lec t ion  d iagram.  
4 .  The t o t a l  w e i g h t s  o f  t h e  i n d i v i d u a l  s l i d e r s  are 
s t a t i s t i c a l l y  d i s t r i b u t e d .   T h e i r   d i s t r i b u t i o n  i s  
p ropor t iona l  t o  the  spec imen  y ie ld  s t r eng th  d i s t r ib -  
u t ion .  
5 .  The minimum  "maximum r e s i s t a n c e "  of a s l i d e r  i s  Wp. 
This  r e f l ec t s  t he  poss ib i l i t y  o f  hav ing  a nonzero 
ze ro  p r -obab i l i t y  y i e ld  s t r eng th .  
6 .  There are t h r e e   l i n k s  shown i n   F i g u r e  7 .  A l i n k  
cannot  yield unless  a l l  of i t s  spring-weight combin- 
a t i o n s  are a t  i n c i p i e n t  s l i d i n g .  
7 .  Yielding  of a fou r  e l emen t  l i nk  causes  ove ra l l  y i e ld -  
ing .  The l i n k  s t r e n g t h  i s  e q u a l  t o  t h e  s u m  of t h e  
co r re spond ing  fou r  s l i de r  r e s i s t ances .  
8 .  The o v e r a l l  s t r e n g t h  i s  e q u a l  t o  t h e  s t r e n g t h  o f  
t h e  weakest  l ink.  
Based  on the foregoing observat ions,  w e  s h a l l  d i s c u s s  t h e  
d u c t i l e  t e n s i o n  member model i n  i t s  m a t h e m a t i c a l  s e t t i n g .  F i r s t ,  
t he  l eng th  o f  t he  t ens ion  member L sha l l  be  t aken  as the  mul t ip l e  
n times the  gage  length of the  specimen L Also, t h e  member 
area A w i l l  be taken as k times the specimen gage area A 
g '  












Fig.7 STRENGTH MODEL FOR A DUCTILE TENSION MEMBER 
Now, focus ing  our  a t ten t ion  on the behavior  of  a l i n k ,  we t ake  
in to  account  tha t  i t  i s  made up of k tension specimens whose 
s t r e n g t h  d i s t r i b u t i o n  w e  s h a l l  d e s i g n a t e  by F(a)  where the 
s t a t i s t i ca l  v a r i a t e  a i s  the   spec imen  y ie ld   s t rength .   S ince  
t h e  l i n k  s t r e n g t h  i s  t h e  sum of the associated specimen s t rengths ,  
i . e .  , 
k 
w e  f i n d  t h a t  t h e  r e s i s t i n g  l i n k  stress or i s  
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where t he   subsc r ip t  i r e f e r s  t o  t h e  ith tension  specimen. C l e a r l y ,  
t h e  r e s i s t i n g  l i n k  stress or i s  the  average  y ie ld  stress of t h e  
specimens comprising the l ink.  
Using t h e  known spec imen s t rength  d is t r ibu t ion  F ( a ) ,  our 
j ob  i s  t o  e s t a b l i s h  t h e  l i n k  s t r e n g t h  d i s t r i b u t i o n  Q ( a r ) .  T h i s  
problem i s  t r e a t e d  d i f f e r e n t l y  f o r  k small and l a rge ;  bo th  cases 
g ive  r i se  t o  w e l l  known s t a t i s t i c a l  problems. 
When a l i n k  i s  equ iva len t  t o  on ly  a few specimens (k ... 
sma l l ) ,  i t s  d i s t r i b u t i o n  i s  s tudied under  the topic  heading 
"summation of  chance var iables  .I1 In  broad  terms , t he  d , i s t r ibu -  
t i on  func t ion  Q(ar) i s  found by integration of i t s  corresponding 
f requency  func t ion  q(ur ) ;  th i s  in  tu rn  i s  obtained by inversion 
of i t s  c h a r a c t e r i s t i c   f u n c t i o n .   T h i s   c h a r a c t e r i s t i c   f u n c t i o n  is 
formed  by the kth power of t h e  specimen c h a r a c t e r i s t i c  f u n c t i o n  
which i s  a s s o c i a t e d  w i t h  t h e  y i e l d  s t r e n g t h  d i s t r i b u t i o n  f u n c t i o n  
F ( a ) .  This  standard  procedure i s  c o n s i d e r e d  i n  d e t a i l  i n  
r e fe rence  4 ;  i t s  appl ica t ion  leads  to  the  fo l lowing  comple te  and 
e x p l i c i t  s o l u t i o n :  
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where f (a )  is  the frequency funct ion associated with F ( a )  and 
where the constant  i s  determined by the condi t ion that  
l i m  F(o) = 0 .  Evaluation  of t h i s  i n t e g r a l  i s  usua l ly   very  o-+ -03 
d i f f i c u l t  e s p e c i a l l y  when k i s  large.   In   problems  involving 
r easonab le  l a rge  k ' s  an approximate asymptotic expression i s  
ava i lab le  for  Qk(ar ) .  
Appealing t o  t h e  c e n t r a l  l i m i t  theorem i n  t h e  case of  la rge  k, 
w e  can s ta te :  
If u has a d i s t r i b u t i o n  F (a )  w i t h  mean 0 and var iance  r , 
t h e n  t h e  d i s t r i b u t i o n  Qk(ar) o r  (u l  + a2 + . . . + uk) /k  = ur i s  
approximately normal with mean value r and var iance  r /k .  T o  
show how effect ively  the  approximation  works,   Figure 8 shows 
t h e  exac t  f requency  d is t r ibu t ions  qk(x)  for  a r ec t angu la r  d i s -  
t r i b u t i o n .  We note   that   even  q3(x)   looks similar t o  a Gauss 
dens i ty .  It should  be  observed,  however,   that  t h e  r ec t angu la r  
d i s t r i b u t i o n  which i s  l imi t ed  on t h e  r i g h t  and l e f t  produces 
"d i s t r ibu t ions  o f  sums" which are a l s o  l i m i t e d  on t h e  r i g h t  and 
l e f t .  C l e a r l y  then,   the   normal   dis t r ibut ion  which i s  unl imited 
in  bo th  d i r ec t ions  canno t  r ep resen t  a t r u n c a t e d  d i s t r i b u t i o n  a t  
the  th re sho lds  r ega rd le s s  o f  t he  s i ze  o f  k (approximation improves 
with  k) .   Consequent ly ,   the   use  of   the   proposed model for  h igh  
r e l i a b i l i t y  a n a l y s i s  demands t h a t  one u t i l i z e  t h e  e x a c t  d i s t r i -  
bu t ion  of  sums given by Equation ( 2 2 ) .  On the  o the r  hand the  
more powerful  asymptot ic  resul t  may be employed in design problems 
i n  which proof t e s t i n g  is  used s ince these problems deal  w i t h  
s t r eng th  va lues  away f rom the  ze ro  p robab i l i t y  s t r eng th .  
2 
2 
Having s t u d i e d  t h e  p r o p e r t i e s  of a l i n k ,  w e  now cons ide r  t he  
behav io r  o f  t he  cha in  ind ica t ed  in  F igu re  7 .  Once again w e  can 
dis t inguish between two problems on t h e  b a s i s  o f  s i z e ;  l o n g  
cha ins  ( la rge  n)  and shor t  ones  ( smal l  n ) .  
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Fig.8 FREQUENCY  DISTRIBUTIONS FOR T H E  SUMS  OF 
CHANCE VARIABLES DRAWN FROM A 
RECTANGULAR DISTRIBUTION 
3 5  
The s ta t i s t ica l  theory of cha in  behavior  i s  t r ea t ed  ex tens ive ly  
i n  works  on  Extreme  Value S ta t i s t i c s .  These  works ,  among o the r  
things,  concern themselves with t h e  d i s t r i b u t i o n  of smallest 
va lues   in   samples  of s i z e  n. Since a cha in  i s  as s t rong  as the  
weakest of i t s  n l i nks ,  t he  app l i ca t ion  o f  ex t r eme  va lue  s ta t i s -  
t ics  i s  obvious. 
We s h a l l  f i r s t  d i r e c t  o u r  a t t e n t i o n  t o  t h e  exac t  desc r ip t ion  
of  the  cha in  s t rength  d is t r ibu t ion  P(uc)  where  uc i s  the chain 
s t r eng th .   Re fe r r ing   t o   Equa t ion  ( 2 )  and u s i n g  t h e  l i n k  s t r e n g t h  
d i s t r i b u t i o n  Gk(uc) , w e  ob ta in  
P(uc) = 1 - [ ~ - G ( O ~ ) ] ~  
Since P(ac) i s  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  a p ro to type  duc t i l e  
t ens ion  member, we are v i t a l l y  i n t e r e s t e d  i n  i t s  p rope r t i e s  and 
how they may be  a f f ec t ed  by s c a l i n g  up t h e  l eng th  o r  t h e  area 
of t h e  tension  e lement .   Recal l ing t h a t  G(cr,) i s  approximately 
normal, i t  i s  q u i t e  clear t h a t  w e  are faced with the s tudy of  
normal  extremes.  Since  such  an  important  problem has  su re ly  re- 
ce ived  cons ide rab le  a t t en t ion  w e  might a n t i c i p a t e  a ra ther  e legant  
treatment;  however,  the formulas for the normal extremes are very 
complicated and r equ i r e   ex t ens ive   numer i ca l   i nves t iga t ion .  None 
of the fundamental theorems concerning extremes are r e l a t e d  i n  
a simple way t o  t h e  n o r m a l  d i s t r i b u t i o n .  T o  i l l u s t r a t e  one  of t h e  
d i f f i c u l t i e s ,  w e  observe  tha t  G i s  the  cumula t ive  d i s t r ibu t ion  
func t ion  fo r  t he  no rma l  d i s t r ibu t ion  and t h a t  as such i t  i s  given 
in  in tegra l  form;  the  va lues  of  G are t abu la t ed  in  eve ry  s t a t i s -  
t i c s  book.  Consequently, to   use   Equat ion  (23 )  we must  r a i se   t ab -  
uSated  va lues  to  the  power n .  Such a task has been performed for 
the  la rges t  normal  ex t reme ( re f .  5 ) ;  t h e  author  has  not  come 
across  a similar e f f o r t  f o r  t h e  smallest v a l u e s  i n  a normal pop- 
u l a t i o n .  
I n  s i t u a t i o n s  where the prototype member i s  considerably 
larger  than the tension specimen,  n l a r g e ,  i t  i s  poss ib l e  to  ga in  
cons ide rab le  in s igh t  i n to  the  behav io r  o f  P (uc ) .  In  1947 Eps te in  
(ref. 6) adopted  the  asymptotic  theory of extremes t o  s t u d y  t h e  
smallest v a l u e  i n  a sample of s i z e  n where n was assumed l a rge .  
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Using our notation, w e  s h a l l  p r e s e n t  h i s  r e s u l t s  f o r  t h e  smallest 
extreme normal: 
Mode of tens ion  member s t r e n g t h  d i s t r i b u t i o n :  
Y i e l d  s t r e n g t h  d i s t r i b u t i o n  of a tens ion  member: 
where i s  d i s t r i b u t e d   w i t h   p r o b a b i l i t y   d e n s i t y   f u n c t i o n  
h(4)  = e 4 1 0. -4  
Remarks on Yie ld  S t r eng th .Di s t r ibu t ion  o f  a Tension Member (n . .  . l a rge )  
1. The  most probable   s t rength   va lue  (mode) decreases  as a 
m u l t i p l e  o f  d l o g  L/L . 
g 
2 .  The  var iance  decreases  as L / L  increases  and i s  given by g 
2 2  n r  
12 k log(L/Lg) 
3 .  The asymptotic  form  for  normal  extremes i s  approached 
w i t h  extreme slowness as n becomes l a r g e .  
4 .  The  most probable   s t rength   va lue   increases  as A / A  in-  g 
creases; t h e  mode i s  given approximately in the form 
- 
u - v r 2 / ( A / A  ) (cons tan t )  
g 
5.   The  variance  decreases as 1 / ( A / A  ) g 
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6 .  For small area members (k ... small), t h e  i n p u t  t o  t h e  
behavior model cons i s t s  o f  t he  d i s t r ibu t ion  cu rve  o f  a 
tension specimen. With large areas ( k  ... l a r g e ) ,  t h e  
average  y ie ld  s t rength  of  a tension specimen 2 toge ther  
wi th  i t s  s t anda rd  dev ia t ion  r provide t h e  complete input 
da ta .   For   the  A7 s t r u c t u r a l  s tee l ,  f o r  example, t h e  
asymptotic theory uses a = 39,630 p s i  and r = 3127 p s i .  
Theore t i ca l  s tud ie s  o f  t he  duc t i l e  behav io r  model may 
r e q u i r e  t h a t  t h e  mean and va r i ance  be  g iven  in  terms 
of  the s t a t i s t i c a l  parameters  descr ib ing  the  tens i le  
specimen d i s t r i b u t i o n .  I n  t h e  case of a Weibull f i t ,  
w e  f i n d  t h a t  
7 .  I f  we  consider  the behavior  of  the model as t h e  member 
area approaches  inf in i ty ,  w e  f i n d  t h a t  t h e  l i n k  s t r e n g t h  
becomes 7 w i t h  no scat ter .  The member then becomes a 
c h a i n  w i t h  d e t e r m i n i s t i c  l i n k s ;  i t  behaves e l a s t i ca l ly  
a t  stresses below 0 and it  flows a t  stresses e q u a l  t o  
o r  g r e a t e r  t h a n  7 .  
8.  To s tudy the behavior  of  long tension members w e  can 
examine  Equation  (23) as n + 03. With  an  inf in i te ly  long  
member w e  see t h a t  P = 0 when G = 0 and t h a t  P = 1 when 
G # 0.  Hence, s u r v i v a l  i s  poss ib le  only  when G(s) = 0. 
This  impl ies  tha t  an  inf in i te ly  long  member can be real-  
ized only when t h e  l i n k  d i s t r i b u t i o n  i s  l imi t ed  on t h e  
l e f t  a t  a pos i t i ve  va lue  ( th i s  i nc ludes  a d e t e r m i n i s t i c  
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l i n k  i n  t h e  l i m i t )  i .e . ,  i f  G(u) = 0 l eads  t o  u = aU> 0 
o r  u = a where  proof   tes t ing i s  employed. We see then 
t h a t  t h e  e x a c t  t h e o r y  p r e d i c t s  t h a t  a n  i n f i n i t e l y  l o n g  
cha in  i s  d e t e r m i n i s t i c  w i t h  a - s t r e n g t h  e q u a l  t o  t h e  z e r o  
p r o b a b i l i t y  s t r e n g t h .  We no te   t ha t   t he   a sympto t i c   t heo ry  
o f  l ong  cha ins  a l so  p red ic t s  ze ro  va r i ab i l i t y  (de t e rmin i s t i c  
behavior) ;  however ,  the s t rength predict ion from Equat ion (25) 
i s  n e g a t i v e  i n f i n i t y  as w e  would expect from a l i n k  d i s t r i -  
bu t ion  which i s  unl imited on t h e  l e f t .  
P 
There w a s  no t  enough t i m e  d u r i n g  t h e  c u r r e n t  e f f o r t  t o  examine 
t h e  l i t e r a t u r e  on s i z e  e f f e c t s  i n  d u c t i l e  e l e m e n t s .  We d id  f ind ,  
however, a paper by Richards  ( re f .  7 )  which showed a 1 3  percent  
drop  in  the  upper  y ie ld-poin t  stress when the  volume w a s  increased 
by three  orders  of  magnitude. Our f u t u r e  i n v e s t i g a t i o n s  w i l l  
undertake a rev iew of  the  ava i lab le  da ta  on y i e l d  s t r e n g t h .  
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111. COLUMNS 
A. Pres t r e s sed  Columns 
Perhaps the most  exasperat ing problem in s t ructural  design 
i s  the  propor t ion ing  of  s imple  co lumns  for  very  low s t r u c t u r a l  
i nd ices  (P/L ) where L i s  the  l eng th  of a concent r ica l ly  loaded  
column under  compressive  forces P a c t i n g  a t  e i ther   end.   Prob-  
lems of th i s  k ind  occur  f requent ly  in  space  s t ruc tures  where  
small compressive loads must  be t ransmit ted over  large dis tances .  
S t a b i l i t y  demands t h a t  r e l a t i v e l y  m a s s i v e  columns be  used  to  
carry these loads and t h e  r e s u l t i n g  s t r u c t u r e s  c h a r a c t e r i s t i c a l l y  
e n t e r t a i n  low stress levels  throughout  most  of t h e i r  volume. 
Beginning i n  1 7 7 3  with Lagrange, a rea l ly  s i g n i f i c a n t  amount 
of work has  been directed toward optimum column design.  Almost 
a l l  of  this  has  been done within the c lass ical  framework, i . e . ,  
development  of  geometry  and  selection  of material. I n  t h e  work 
presented here ,  w e  s h a l l  r e a p  a considerable advantage over 
c lass ical  approaches by u t i l i z i n g  t h e  p r i n c i p a l  o f  p r e s t r e s s i n g  
to  e l imina te  the  poss ib i l i t y  o f  l oca l  buck l ing .  
2 
We s h a l l  s t u d y  t h e  optimum design of a c i r c u l a r  t h i n  w a l l e d  
tubular  column  which i s  uniform  throughout i t s  length .  A pre- 
stress s h a l l  be appl ied by p r e s s u r i z i n g  t h e  t u b e  t o  a level  which 
i s  j u s t  s u f f i c i e n t  t o  a s s u r e  t h a t  t h e  n e t  a x i a l  stress i n  t h e  
tube walls w i l l  not  become compressive upon appl ica t ion  of  the  
load  P.   This   implies   that  t h e  p re s su re  ac t ing  on the  c ros s -  
s e c t i o n a l  area must provide a r e s i s t i n g  f o r c e  P ,  i . e . ,  
P = n r p  2 (1) 
where r i s  the  tube  rad ius  and p is  the  abso lu te  p re s su re  l eve l .  
The weight  of  the gas  w i l l  now be determined. 
1. Proper t ies  of  Gas. - We begin by computing  the  pressure/weight 
r a t i o  of a gas from the equation of s ta te  fo r  an  idea l  gas ,  
pV = nRT (2) 
where p i s  the  abso lu te  p re s su re  in  dynes / cm , V i s  the  gas  
volume i n  c m  , n i s  t h e  number of moles i n  gram-moles, T i s  
the temperature  in  degrees  Kelvin,  and R = 8.31 x 10 ergs/mole K O .  
Not ing  tha t  n i s  t h e  r a t i o  o f  t h e  mass of  the gas  m and i t s  gram 




P/Y = - Mg 
RT 
where 
mg/V . . . weight   densi ty   (4)  
and g is  t h e  g r a v i t a t i o n a l  c o n s t a n t .  We observe  tha t  p/Y = cons tan t  
f o r  a given material a t  a spec i f ied  tempera ture .  The fol lowing 
p res su re /we igh t  r a t io s  are computed f o r  T = 20" C(293"K): 
Table I 
PRESSURE/WEIGHT RATIOS OF SEVERAL GASES (20°C) 
Gas Formula 
G r a m  Molecular 
We igh t 
M . .  .grams 
A i r  I -- I 28.97 
Oxygen 
H e  1 ium H e  
O2 32.00 
4.003 




2 = = 8.31 x lO'(293) Y Mg M(980) ( 2 . 5 4 )  
3.38 x l o 5  
3.06 x l o 5  
2.44 x l o 6  
4.86 x l o 6  
The  e f f ic iency  of  gas  as a compression carrying medium can be 
i n f e r r e d  by  comparing t h e  p r e s s u r e / w e i g h t  r a t i o s  t o  t h e  s p e c i f i c  
compressive  s t rengths  of  mild s tee l  ( a , / p  = 1.41 x 10 i n . )  
and beryl l ium  (ac/p = 1.35 x 10 i n . ) .  6 
5 
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Using  the  fac t  tha t  p /y  = cons tan t  fo r  a given gas and 
temperature,  w e  can easily show tha t  t he  we igh t  of the  gas  W 
r e q u i r e d  t o  p r e s t r e s s  t h e  t u b u l a r  column i s  independent of t h e  
p r e s s u r e   l e v e l   o r   r a d i u s  employed.  Thus 
g 
or   us ing   Equat ion  (1) , 
PL 
wg = PTj 
where w e  no te  the  l inear  dependence  on P and L .  
2 .  Weight  of  Tube. - We s h a l l  i g n o r e  f o r  t h e  moment any consid- 
e ra t ion  of  Euler  buckl ing  and proceed t o  t h e  c a l c u l a t i o n  o f  t u b e  
weight.  Two conf igu ra t ions  w i l l  be  xamined:  an  open  ended  tube 
and a completely  c losed  one.   In  each, s u f f i c i e n t  material must 
be  used  to  conta in  the  gas  pressure .  
a .  Operl Tube:  There are circumstances  in  which  the  end  pressure 
and the gas  pressure a lways  remain equal, for example, when a 
column is  i n f l a t e d  and r eac t ed  aga ins t  end p l a t e s  as i n  a 3 acking 
opera t ion .  Here, w e  s h a l l  assume tha t  the  c losure  of  an  open  
ended cy l inde r  i s  provided by the  dev ice  used  to  t r ansmi t  t he  
l o a d  t o  t h e  column; w e  may v i s u a l i z e  an i n f i n i t e l y  t h i n  membrane 
covering  the  ends.  Under these  condi t ions  w e  must propor t ion  a 
c y l i n d e r  t o  res is t  only hoop stresses given by 
CT = p r / t  (7 )  
or  using Equat ion (1) 
- 2PL 
wc - “t/p 
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A s  i n  t h e  case of  the  gas  weight  we f ind  tha t  t he  tube  we igh t  
i s  independent  of  the pressure level o r  r a d i u s  and t h a t  i t  depends 
l i n e a r l y  on P and L .  The to t a l  we igh t  o f  t he  p re s su r i zed  open 
end column i s  simply the sum W + Wc ; t hus ,  
g 
PL [ ] 
= ' a t 7 p  2 + ' p / ' u  . . . Open  End  Column 
b.  Closed  Tube:  For  most  conventional  column  applications, a 
c losed tube must  be used to  contain the gas  under  both loaded 
and  unloaded  conditions.  Equation (6)  gives   us  t h e  weight  of 
gas W r equ i r ed  to  p reven t  l oca l  buck l ing  when t h e  column i s  
under a load P. In  t h e  unloaded s ta te  t h e  column i s  i n  e f fec t  
a pressure vessel  which must  contain W . We sha l l  adop t  an iso- 
t e n s o i d  s t r u c t u r e  f o r  o u r  c y l i n d e r  ( r e f .  1); these  are formed 
by winding f ine f i laments  in  the shape of  a v e s s e l  i n  s u c h  a 
way tha t  under  load  the  f i lament  stress i s  a c o n s t a n t  t e n s i l e  
va lue  0. 
g 
g 
Assuming a l i n e a r  material, an isotensoid vessel  under  an 
i n t e r n a l  p r e s s u r e  p w i l l  e n t e r t a i n  a c o n s t a n t  s t r a i n  e throughout 
i t s  volume given by e = o/E where E i s  t h e  modulus of e l a s t i c i ty  
of   the  f i laments .   Consequent ly ,   the  walls of   the   p ressur ized  
v e s s e l  w i l l  absorb a t o t a l  s t r a i n  e n e r g y  U given by the product  
of  the  volume o f  t he  walls Vc and t h e  c o n s t a n t  s t r a i n  e n e r g y  p e r  
u n i t  volume ae /2 ;  t hus ,  
oeVc u = -  
2 
The  column w i l l  expand under i n t e r n a l  p r e s s u r e  and a l l  i t s  dimen- 
s ions  w i l l  i nc rease  by a f a c t o r  (1 + e ) .  The associated  change 
in  the  enc losed  volume V i s  
where products of e have been neglected.  The  work  done  by t h e  ex- 
panding gas i s  simply pAV/2 ; thus , 
Work = pAV/2 = 3epV/2 (13)  
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Equa t ing  the  in t e rna l  and e x t e r n a l  work given by Equations (11) 
and (13) w e  o b t a i n  
o r  
We observe that  the weight  of  an isotensoid vessel  does not  depend 
on i t s  s i ze  o r  shape ;  bu t  on ly  on the weight  of  gas  i t  conta ins .  
S u b s t i t u t i n g  f o r  W from  Equation (6)  and us ing  the  l a rges t  
g 
permissible  f i lament  stress d = d t , t he  cy l inde r  we igh t  becomes 
- 3PL 
wc - atJp 
Again w e  f i n d  t h a t  t h e  s h e l l  w e i g h t  v a r i e s  l i n e a r l y  w i t h  P and L .  
Adding t h i s  w e i g h t  t o  t h a t  o f  t h e  g a s ,  t h e  t o t a l  column weight 
becomes 
W = .t/p PL [ 3 + '3 u d p ]  . . . Closed Tube 
The  open tube and the  i so t enso id  columns are shown schematically 
in  F igu re  1. 
3 .  Euler Buckling. - We have shown tha t  the  weight  of  a column 
which i s  p res su r i zed  to  p rec lude  loca l  buck l ing  i s  independent 
of i t s  r ad ius .  To take  advantage of t h i s  f a c t ,  we observe   tha t  
a n  i n f i n i t e  moment of i n e r t i a  I can be obtained by increasing 
t h e  column rad ius   i nde f in i t e ly .   Spec i f i ca l ly ,   t he   p roduc t  r t  
f o r  t h e  c y l i n d r i c a l  column remains constant and I = ( m t ) r 2  i n -  
creases as the  square  of  the  rad ius .  S ince  the  Euler  buckl ing  
r e s i s t a n c e ,  n2 E I / L  , i s  d i r e c t l y  p r o p o r t i o n a l  t o  I, any des i r ed  
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b)  Closed  Tube 
FIG. I PRESSURIZED  TUBULAR  COLUMNS 
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Taking the open tube column as an example, w e  c a n  e a s i l y  
e s t a b l i s h  a va lue  of t he  r ad ius  above which a l l  r a d i i  p r o v i d e  
ample Euler  res i s tance .  Euler ' s  formula  for  a th in  wa l l ed  
c i r c u l a r  t u b e  may b e  w r i t t e n  as 
n2 E(T r >rt  
L2 
2 
Noting,  from  Equations (8) and (9 ) ,  t h a t  
P r t  = - 
T U  ' t 
w e  ob ta in  
to  prevent  Euler  buckl ing .  The minimum r a d i u s  and the  a s soc ia t ed  
th ickness  and p res su re  are immediately 
r min - q/F ; t = ~f i ; p = (P/L2)(E/ot)r  
n E  at 
(21) 
It i s  remarkable  tha t  the  minimum radius does not depend on the  
load ing ;  fo r  a p r e s s u r i z e d  s t r u c t u r a l  s tee l  tube ,  the  s lenderness  
r a t i o  i s  approximately L/rmin = 95. Although t h e  column weights 
were found to  be  un in f luenced  by t h e  modulus of e l a s t i c i t y  of 
the   she l l ,   Equat ion   (21)   ind ica te   tha t   very  low E ' s  g ive  r i s e  
t o  l a r g e  r a d i u s  columns wi th  small w a l l  th icknesses  and small 
p re s su res .  
4 .  Strength  of   Stable   Tubes.  - D i s r e g a r d i n g  t h e  p o s s i b i l i t y  of 
e i t h e r  l o c a l  o r  E u l e r  b u c k l i n g ,  i t  is  i n s t r u c t i v e  t o  i n v e s t i g a t e  
the  po ten t i a l  we igh t  and cos t  s av ings  of a p re s su r i zed  tube  com- 
pa red  to  a conven t iona l  sho r t  so l id  column.  The  open  ended t h i n  
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wal l ed  cy l inde r  w i l l  b e  s t u d i e d  f o r  s e v e r a l  d i f f e r e n t  combined 
stress t h e o r i e s .  The b i ax i ' a l  stress state which  occurs i n  t h e  
c y l i n d e r  walls w i l l  u l t i m a t e l y   r e s u l t   i n  a maximum hoop resis- 
tance at  and a maximum axial compressive resis tance uc. On 
t h i s  b a s i s  t h e  s h a l l  r e s i s t a n c e  Ps is  given by 
Ps = 2 T r t a  
C 
The maximum p r e s s u r e  a t t a i n a b l e  i n  t h e  t u b e  i s  
and t h e  c o r r e s p o n d i n g  a x i a l  r e s i s t a n c e  of  t he  p re s su re  P i s  
P 
2 P = T  r p = T  r t a t  
P (24) 
Now, t h e  t o t a l  r e s i s t a n c e  P becomes 
P = Ps + P = 7 r t ( 2 a c  + ut)  
P 
W r i t i n g  t h e  s h e l l  w e i g h t  Ws i n  terms of P w e  o b t a i n  
ws = 2 m t L p  = Za 2PL +Pat 
C 
a .  Maximum Stress Theory: Assuming a material wi th  a square 
yield  diagram, w e  can  take  ut = a - 
y i e l d s  
C 
uo. Then,  Equation  (26) 
WS = 3 [3] 
Since PL/(ao/p) i s  the weight  of a s o l i d  s t a b l e  s t r u t ,  t h e  p r e s -  
s u r i z a t i o n  l e a d s  t o  a 3 3 . 3  percent  sav ings  in  the  weight  of  t h e  
s h e l l .  I n  minimum cos t  appl ica t ions  where  e i the r  air  o r  water 
are used as t h e  p r e s s u r i z a t i o n  medium, t h e  c o s t  i s  propor t iona l  
t o  Ws and i t  fo l lows  tha t  t he  po ten t i a l  cos t  s av ings  i s  a l s o  
one  th i rd .  
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To f ind  the  to t a l  we igh t  o f  t he  p re s su r i zed  column, we 
observe from Equations (24)  and (25) t h a t  i n  t h i s  case the  pres -  
sure   supports   P/3.   With  this   information,   Equat ion (6) g ives  
It fo l lows  readi ly  f rom th is  equat ion  tha t  a weight advantage 
o v e r  t h e  s o l i d  s t a b l e  s t r u t  c a n  b e  r e a l i z e d  o n l y  i f  p / y >  uo/p.  
b .   D i s t o r t i o n  Energy  Theory: The Mises y i e l d  c r i t e r i o n  f o r  t h e  
p re s su r i zed  tube  can  be  wr i t t en  
2 2 2 a + OtUC - u = u t C 0 
where uo i s  the  y i e ld  s t r eng th  in  pu re  t ens ion .  E l imina t ing  ut 
between  Equations (26) and ( 2 9 ) ,  we ob ta in  
ws - 
- 4PLp 
3ac - q T -  4ao 3uc 
To minimize t h i s  q u a n t i t y ,  w e  se t  
T h i s  l e a d s   t o  ac = u and at = 0. Here, t h e r e  i s  no  advantage 
gained by pressurizing.  The Tresca y i e l d  c r i t e r i o n  l e a d s  t o  
t h e  i d e n t i c a l  r e s u l t .  
0 
c .  Modified Tresca Fa i lure   Condi t ion :  To s tudy a material whose 
t e n s i l e  s t r e n g t h  i s  higher  than i t s  compressive s t rength,  w e  
assume a f a i l u r e  c r i t e r i o n  g i v e n  by 
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where  the  u l t imate  compress ive  s t rength  is  a. and t h e  u l t i m a t e  
t e n s i l e  s t r e n g t h  is  ka,. El iminat ing at between  Equations ( 3 1 )  
and (26) , w e  o b t a i n  
When k < 2 it i s  clear t h a t  Ws i s  minimized by taking the largest  
poss ib l e  ucy  i . e .  , a = u . This   imp l i e s   t ha t  ot = 0 and t h a t  
Ws = PL/(oo/p)  which i s  the  convent iona l  des ign .  When k > 2 t h e  
smallest poss ib l e  ac i s  chosen t o  minimize W s ,  ac = 0. Here, 
ut = kuo and there i s  a weight  advantage  over  the  so l id  s tab le  
s t r u t ;   h e n c e ,  Ws = (2/k)[PL/(oo/p)].  Thus, when t h e   t e n s i l e  
s t r e n g t h  of a material i s  over twice i t s  compressive s t rength 
t h e r e  i s  a weight and c o s t  s a v i n g  i n  t h e  column s h e l l .  
C 0 
The s i t u a t i o n  i s  o n l y  s l i g h t l y  more complicated when t h e  
t o t a l  column  weight i s  involved. Here, the  gas   weight  must be 
added t o  W s .  Using  Equations ( 2 4 )  and (25) w e  f i n d  t h a t  t h e  pres-  
s u r e   r e s i s t a n c e  P = Pat/(2ac + ut ) .  It then  follows  from Equa- 
t i o n  ( 6 )  t h a t  
P 
Now, t h e  t o t a l  w e i g h t  becomes 
Subs t i tu t ing  for  a t  f rom Equat ion  ( 3 1 ) ,  W becomes 
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When k 5 2 it  i s  r ead i ly  appa ren t  f rom th i s  equa t ion  tha t  W 
i s  minimized by taking the largest  possible  value for  uC; thus ,  
To examine the weight  when k > 2,  we s h a l l  rewrite W tak ing  
uc - uo - auo where 0 5 a 5 1. 
- uc - Do, u t  = 0 and W i s  equa l  t o  the  conven t iona l  PL(uo/p). 
To minimize W w e  obse rve  tha t  when the  quan t i ty  in  the  squa re  
bracke ts  exceeds  the  quant i ty  in  parentheses ,  a must be taken 
as small as poss ib l e ,  i . e . ,  a = 0. When the  bracke ted  quant i ty  
i s  smaller than  tha t  i n  pa ren theses  , w e  choose  the  la rges t  
poss ib l e  a ,  a = 1. Only i n  t h i s  l a t te r  case do w e  f i n d  an 
advan tage   ove r   t he   so l id   s t ab le   s t ru t .  Summarizing t h e  min- 
imum weight problem, w e  f i n d ,  
( 3 7 )  
where w e  recal l  t h a t  k i s  t h e  r a t i o  o f  t h e  u l t i m a t e  t e n s i l e  t o  
compressive s t rength.  
5 .  Discussion of Resu l t s .  - 
a.  Eff ic iency  of P res su r i zed  Columns: The e f f ic iency  of  our  
pressurized columns can be assessed by comparing the i r  we igh t s  
t o  t h a t  o f  t h e  classical  optimum p r i s m a t i c  c i r c u l a r  c y l i n d e r ,  
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(ref. 2 ) ,  i .e . ,  
The r a d i u s  and w a l l  t h i ckness  o f  t h i s  column are determined i n  
such a way t h a t  t h e  l o c a l  and Euler  buckl ing modes occur simul- 
taneously.  For  purposes  of  comparison it  i s  advantageous t o  
rewrite Equation (38) in terms of  t h e  s t r u c t u r a l  i n d e s  P/L . 
Thus 
2 
The assoc ia ted  optimum th ickness  i s  
( tO/L)  = - p ( P / L 2 )  
1 /2 
n E  
Referr ing to  Equat ions (10)  and (21) ,  the  weight  and thick-  
ness  for  the  open  pressur ized  tube  may b e  w r i t t e n  as 
Equations (39) through ( 4 0 )  are p l o t t e d  i n  F i g u r e  2 f o r  a bery l -  







these  equat ions  are l i s t e d  below: 
u = 55 x 10 p s i  
ut = 90 x l o 3  p s i  
E = 44 x 10 p s i  




p/y = 4.86  x 10 inches  (hydrogen a t  20°C) 6 
It i s  clear from Figure 2 t h a t  t h e  p r e s s u r i z e d  column 
favors  low va lues  o f  t he  s t ruc tu ra l  i ndex  and t h a t  t h e  optimum 
convent ional  column favors   high  values .   In  a recent  paper ,  Mauch 
and Fe l ton  (ref. 9) cons ider  the  optimum des ign  of a t e n s i o n  t i e d  
column.  They a l s o  compare t h e  r e s u l t s  o f  t h i s  p r e s t r e s s e d  member 
t o  t h e  optimum pr i smat ic  tube  and they  conclude  tha t  it i s  super- 
i o r  i n  t h e  r a n g e  o f  low s t r u c t u r a l  i n d i c e s .  F u r t h e r m o r e ,  t h e i r  
r e s u l t s  show a maximum theoret ical  weight  savings of  about  6 0  
percent  over  the  optimum tube .  In  the  case o f  t he  p re s su r i zed  
tube ,  the  poten t ia l  weight  sav ings  is 100 percent .  
b .   Spec ia l   P rope r t i e s   o f   P re s su r i zed  Columns: Ce r t a in ly ,   t he  most 
provoca t ive  proper t ies  of the  pressur ized  column stem from t h e  
f ac t  t h a t  i t s  w e i g h t  v a r i e s  l i n e a r l y  w i t h  P and L and i s  indepen- 
dent  of E .  These  un ique  cha rac t e r i s t i c s  are not  found  in  conven- 
t i o n a l  columns whose we'ight formulas resemble Equation ( 3 8 )  f o r  
t he  optimum tube. 
Because the modulus of e las t ic i ty  does  not  en ter  the  weight  
expression, almost any  ''gas t i g h t "  material becomes a candida te  
fo r  t he  p re s su r i zed  column.  The higher  E ' s  provide more compact 
members. Some materials l e a d  t o  columns  which are fo ldab le  and 
i n f l a t a b l e .  
We recal l  t h a t  t h e  c e n t r a l  f e a t u r e  o f  b o t h  t h e  Maxwell ( r e f .  4 )  
and Michell  ( ref .  5 )  s t r u c t u r e s  was t h a t  t h e  w e i g h t  o f  t h e i r  c o n s t i t -  
uent  members w a s  p r o p o r t i o n a l   t o   t h e i r   l o a d  and  span.  Because 
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conventional compression elements do not  meet th i s  requi rement ,  
most of the  au tho r s  i n  t h i s  f i e l d  have viewed the Michell  struc- 
t u r e  as an  important  academic  development.  The  pressurized 
column c o u l d  p r o v i d e  t h e  p r a c t i c a l  r e a l i z a t i o n  of s u c h  s t r u c t u r e s .  
The design must be based on an allowable tensile stress ut and an 
allowable compressive stress given by uc = at /  [N + (at/p)/(p/r)] where 
N = 2 o r  3 depending upon whether the column is  open o r  c l o s e d  
r e s p e c t i v e l y .  
Because  o f  t he  l i nea r i ty  in  P,  n columns each carrying a 
load  P/n w i l l  weigh t h e  same as a s i n g l e  column  under  P.  The 
r e l i a b i l i t y  o f  a column c l u s t e r  i s  g r e a t e r  t h a n  t h a t  o f  a s i n g l e  
pressur ized  column and may p rec lude  ca t a s t roph ic  f a i lu re  unde r  
acc identa l   condi t ions .   Fur thermore ,   the   c lus te r   concept  may 
l e a d  t o  c e r t a i n  s t a n d a r d i z a t i o n s  i n  t h e  c y l i n d e r  s i z e s  which 
may have  impor tan t  log is t ic  and cos t  imp l i ca t ions .  
c .  P rac t i ca l  Cons ide ra t ions :  The development of high performance 
columns f o r  low s t r u c t u r a l  i n d i c e s  (P/L ) i n v a r i a b l y  r e s u l t s  i n  
imprac t i ca l ly   t h in   s ec t ions   o r   gages .  The l i m i t a t i o n s  imposed 
on real columns because of minimum th i ckness  spec i f i ca t ions  f avor  
the   p ressur ized  column.  Extremely th in   gages  are p o s s i b l e  i n  
the  ' ' ba l loon  type"  s t ruc tures  cons idered ,  and indeed,  the minimum 
th ickness  may be  e s t ab l i shed  on the  bas i s  of  gas  d i f fus ion  through 
t h e  column walls. The behavior  of  these  columns i s  qui te  insen-  
s i t i v e  t o  t h e i r  precise geometry because they never experience 
compressive stresses. 
d. Comments on Analysis:  The loca l  buckl ing  of  very  th in-wal led  
c i r cu la r  cy l inde r s  has  been  the  sub jec t  o f  i n t ens ive  inves t iga -  
t i on  du r ing  the  l as t  several decades; however, our understanding 
of   the  buckl ing  process  i s  y e t  very  incomplete.  There are s e v e r a l  
c h a r a c t e r i s t i c s  o f  t h i s  p r o b l e m  t h a t  are wor th  no t ing  in  the  
present  contex t :  
2 
1. The exper imenta l  da ta  on  the  buckl ing  load  fa l ls  
between one-half and o n e - f i f t h  o f  t h e  classical  
l i n e a r  p r e d i c t i o n s .  
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2. 
3 .  
4 .  
The a x i a l  r e s i s t a n c e  of the  cy l inde r  cha rac t e r -  
i s t i c a l l y  d r o p s  o f f  a b r u p t l y  after the buckl ing 
load has been reached. 
In i t i a l  imper fec t ions  have  l a rge  effects on the  
buckl ing  load .  
As t h e  walls of a cy l inde r  become th inne r ,  t he re  
i s  an increasing tendency for  i t  t o  b u c k l e  i n  a 
developable  diamond p a t t e r n  formed by a r e g u l a r  
arrangement  of f l a t   t r i a n g u l a r   s u r f a c e s .  Under 
i d e a l  c o n d i t i o n s ,  t h i s  b u c k l i n g  mode can occur 
without  membrane ex tens ion ;  i n  real c y l i n d e r s ,  
bending i s  concentrated around the r idges which 
r e s u l t s  i n  a small amount o f  s t r e t ch ing .  
This  l as t  observa t ion  may b e  r e l e v a n t  t o  t h e  c o n s t r u c t i o n  o f  
i n f l a t a b l e  columns.  The f i r s t   t h ree   r ep resen t   sho r t comings   p re s -  
e n t  i n  t h e  c o n v e n t i o n a l  minimum weight  pr ismatic  column. In  ou r  
development of the pressurized column, w e  have  e lec ted  to  ignore  
any local  buckl ing s t rength which might  be provided by the  walls. 
When t h i s  i s  included,  a smaller weight of gas i s  r equ i r ed ;  bu t  , 
w e  in t roduce  unce r t a in t i e s  i n  ou r  ana lys i s  a r i s ing  f rom t h e  t h r e e  
shortcomings  noted.  For low s t r u c t u r a l   i n d i c e s ,   t h e   v e r y  small 
w a l l  th icknesses  prec lude  any s ign i f i can t  we igh t  s av ings .  
We s h a l l  now comment on seve ra l  t op ic s  omi t t ed  from our dis- 
cuss ion  o f  Eu le r  buck l ing .  F i r s t ,  i t  was t a c i t l y  assumed t h a t  
t he  p re s su re  would no t  a f f ec t  t he  Eu le r  buck l ing  load ,  and indeed, 
t h i s  is  demonstrated to  be the case i n  S e c t i o n  1 1 1 - C - 3 .  Next, the 
ro l e  o f  t ape r ing  was not   d i scussed .   In  c lass ical  columns,  one 
can always improve on the uniform column by using an optimum 
a x i a l  d i s t r i b u t i o n  o f  material. This  i s  n o t  t r u e  i n  t h e  p r e s s u r -  
i zed  column where the weight  i s  a l ready  the  minimum requ i r ed  to  
c o n t a i n  t h e  p r e s s u r e  and p reven t  l oca l  buck l ing .  F ina l ly ,  w e  d id  
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no t  cons ide r  t he  r educ t ion  in  the  buck l ing  load  due  to  shea r  
d e f l e c t i o n .  Owing to   t he   ac t ion   o f   shea r ing   fo rces ,   t he  
c r i t i c a l  load i s  diminished by the factor  (ref.  6 ) 
1 
1+- pPcr AG 
( 4 3 )  
where A is  t h e  c r o s s - s e c t i o n a l  area, G i s  t h e  modulus of r€gid- 
i t y ,  Pcr i s  the  Euler  load ,  and f3 i s  a numer i ca l  f ac to r  t ha t  
depends on the   shape   of   the   c ross   sec t ion .   For   rec tangular  
s e c t i o n s  f3 = 1 . 2 ;  f o r  c i r c u l a r  s e c t i o n s  p = 1.11; and f o r  H 
s e c t i o n s  p i s  approximately 2 .  The area of   the   p ressur ized  
column is  found from Equation (19) t o  b e  A = 2Pcr/at; hence, 
Equation ( 4 3 )  becomes 
1 
1 + -  2 G  
P a t  
( 4 4 )  
For most materials t h i s  f a c t o r  w i l l  b e  v e r y  c l o s e  t o  u n i t y .  
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B.  Optimum  Column Geometry 
1. Dynamic Programming. - The f irst  a t tempt   to   de te rmine   the  
optimum d i s t r i b u t i o n  o f  material a long  the  length  of  a column 
w a s  made unsuccessfu l ly  b y  Lagrange i n  1773  who approached the 
problem  us ing   var ia t iona l   ca lcu lus .  A f u r t h e r  i n v e s t i g a t i o n  
of the problem was made by Clausen (ref .  7) in  1851 who de te r -  
mined t h a t  t h e  most e f f i c i e n t  t a p e r e d  s o l i d  column  has a volume 
f l / 2  times t h e  volume of  a c y l i n d r i c a l  column  of t h e  same 
s t r e n g t h .  T h i s  highly  academic  column  design  tapers  from a 
maximum d iame te r  i n  the  cen te r  t o  ze ro  d i ame te r  a t  t h e  ends.  
V a r i a t i o n a l  c a l c u l u s  h a s  a l s o  b e e n  u s e d  t o  e s t a b l i s h  t h e  optimum 
d i a m e t e r  d i s t r i b u t i o n  o f  a constant thickness tubular column. 
I n  both t h e  s o l i d  and t h e  cons tan t  th ickness  tubular  co l -  
umns, an increase  in  c i rcumference  i s  accompanied  by  an inc rease  
in  we igh t .  T h i s  guarantees  a w e l l  se t  problem which  y i e l d s  a 
unique area d i s t r ibu t ion .   Unfo r tuna te ly ,  t h e  formulat ion i s  
r e s t r i c t e d  t o  a class o f  r e l a t i v e l y  i n e f f i c i e n t  c r o s s  s e c t i o n s  
w h i c h  are ex t r eme ly   d i f f i cu l t   t o   f ab r i ca t e .   Fu r the rmore ,   t he  
formulations do no t  cons ide r  y i e ld ing  o r  l oca l  buck l ing .  These 
f a i l u r e  c r i t e r i a  may be formally introduced into t h e  ca l cu lus  
of  var ia t ions  as b e q u a l i t y  c o n s t r a i n t s ;  however, t h e y  r ep resen t  
d i f f i c u l t i e s  o f  b o t h  a fundamental and computat ional  nature .  
These d i f f i c u l t i e s  may be overcome by reformulating t h e  problem 
i n   t h e   s e t t i n g   o f  dynamic  programming. Here, t h e  i n t roduc t ion  of 
cons t r a in t s  ac tua l ly  s impl i f i e s  t he  computa t ions .  
As a p re l imina ry  exe rc i se  in  t h e  s tudy  of  minimum weight  col-  
umn design,  t h e  classical  uncons t ra ined  problem of  the  so l id  s t ru t  
was a t tacked  us ing  dynamic  programming  and excel lent  agreement  
was obtained  with t h e  e x a c t   s o l u t i o n .   S p e c i f i c a l l y ,  t h e  optimum 
area d i s t r i b u t i o n  was developed for a s imply supported sol id  
column of  length L and  under t h e  ax ia l  l oads  P .  The f a i l u r e  c r i -  
t e r i o n  was taken as Euler  buckl ing.  
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I n  o r d e r  t o  f a c i l i t a t e  c o m p a r i s o n  w i t h  t h e  dynamic program- 
ming  method  of so lu t ion ,  t he  so lu t ion  ob ta ined  us ing  ca l cu lus  
of v a r i a t i o n s  w i l l  b e  p r e s e n t e d  f i r s t .  I f  w e  assume t h a t  a l l  t h e  
c r o s s  s e c t i o n s  of t h e  s t r u t  are similar and s i m i l a r l y  s i t u a t e d ,  
we can express  the moment of i n e r t i a  as I = kA where k i s  a 
constant depending upon the shape of t h e  c r o s s  s e c t i o n  a n d  A is  
i t s  area. Using t h e  d i f f e r e n t i a l  e q u a t i o n  of  bending 
2 
E k A 2 ; ’ + P y = 0  ( 4 5 )  
w e  can  so lve  fo r  A and,hence,we can express the column weight 
a s  
where x i s  measured from the center and symmetry has been em- 
ployed.  Application of va r i a t iona l   ca l cu lus   t o   Xqua t ion  ( 4 6 )  
l e a d s  t o  t h e  e q u a t i o n  
9 j; + 3 y y =  0 ( 4 7 )  
If w e  assume t h a t  f 0 ,  then  Equation ( 4 7 )  can  be 
i n t e g r a t e d  t w i c e  t o  y i e l d  
- 2  
Y = - c 1 y  2 / 3  + c 2  
where c1  and c2 are cons t an t s  o f  i n t eg ra t ion .  By making t h e  
change  in  var iab le  y = a3 cos 3 8 in  Equat ion  ( 4 8 )  and us ing  the  
boundary conditions j r (0 )  = 0 and y(L/2) = 0 the following para- 
meter ized  so lu t ion  i s  obtained 
= B e ( 4 9 )  
x = (--)(e L + 2 1 s i n  20) (- T L  7r e 
where f3 is  a cons t an t .  
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Using the  so lu t ion ,  Equa t ion  (49)  and Equation ( 4 5 ) ,  t h e  
e x p r e s s i o n  f o r  t h e  c r o s s - s e c t i o n a l  area i s  
The weight  of  the optimum s t r u t  i s  found, using Equation ( 4 6 ) ,  
t o  b e  
S ince  the  sec t ions  are similar, w e  can wri te  t h e  maximum 
d i s t ance  f rom the  cen t ro id  to  the  ou te r  f i be r s  as c = a f i .  
Hence, t h e  maximum bending stress a t  any s t a t i o n  a l o n g  t h e  column 
becomes 
314 
= cons tan t  
We see then  tha t  t he  most e f f i c i e n t  column i s  a s t r u t  o f  u n i f o r m  
bending stress. 
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Bellman and Dreyfus (ref. 8 ) considered the problem of min- 
imiz ing  the  func t iona l  
s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n  y ( a )  = c .8s ing  dynamic  program- 
ming, they   in t roduce   the   func t ion  
f ( a , c )  = min J ( y )  
Y 
( 5 4 )  
and cons ider  a and c to   be   parameters  (-m < a < b  and 
- m < ~  < w ) .  Then,by not ing the addi t ive property of t h e  i n t e g r a l  
and us ing  the 'hr inc ip le  of  op t imal i ty ,"  they  deduce  the  fo l lowing  
func t iona l  equa t ion  
By making t h e  r e s t r i c t i o n  t h a t  y ( x )  w i l l  be determined a t  
on ly  the  po in t s  a = kn,(k+l)A,. . .,nA = b and by approximating 
t h e  d e r i v a t i v e  by ( Y ~ + ~ -  y i ) /A , the  fo l lowing  r ecu r s ion  r e l a t ion -  
s h i p  i s  obtained 
f(iA,yi)  = min F [iA,yi,(yi+l-yi)/A] + f  [ ( i + 1 ) A y Y i + 1  
Y i + l  
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Recall tha t  t he  expres s ion  fo r  the weight  of t h e  s t r u t  
was 
In  o rde r  t o  ge t  t h i s  expres s ion  in to  the  fo rm o f  Equa t ion  (53), 
w e  m a k e  the change  in  va r i ab le  y = (7 - x)eV; thus L 
\1 
w = 2 P ( L J  
0 
( 5 9 )  
By introducing the nondimensional  var iables  0 = 2x/L and 
w = G L / ~  we can write 
1 - W W r  1 / 2  =~Gce.w,G) de 
0 
where 
S imi l a r ly ,  t he  expres s ion  fo r  t he  c ros s - sec t iona l  area becomes 
The r ecu r s ion  r e l a t ionsh ip ,  Equa t ion  (57), i s  now app l i cab le  
and thus w e  
f(iA,wi) = G[iAywi ,  ( w ~ + ~  -wi) /A]A + f [(i+l)Aywi+l 
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where i = 0, 1, 2 ,  . ..n  and A = l / n .  By in t roducing  the  
r e s t r i c t i o n  t h a t  w can take on only the values  of  w = 0, 6 ,  
26, . . . , p6 where p i s  an integer ,  Equat ion (63)  can be 
w r i t t e n  as 
where we have defined w = j i6 and i, 
As t he  r ecu r s ion  r e l a t ionsh ip  i s  used to go from 4 = ( i+ l )A  to  
4 = i A  , it  i s  des i r ab le  to  keep  t r ack  of the value of  ji+l t h a t  
minimized the r ight  hand s ide of  Equat ion ( 6 4 )  because it rep-  
r e s e n t s  t h e  optimum pol icy  for  ge t t ing  f rom in t o  ( i+ l )n  s t a r t i n g  
wi th  j i .  Thus, w e  d e f i n e  
The d e s i r e d  s o l u t i o n  ( w ~ ) ~ ~ ~  - (ji)opt6 w i l l  be  ob ta ined  a f t e r  
t h e  t a b l e s  a ( i ,  j i )  have been computed using 
- 
T h e  boundary conditions on t h e  s t r u t  c a n  now be  used  to  
de te rmine   condi t ions  on wi ( o r  e q u i v a l e n t l y  j i ) .  The  cond i t ion  
y(L/2)  = 0 implies through t h e  d i f f e r e n t i a l  e q u a t i o n  ( s i n c e  A 
i s  a r b i t r a r y )  t h a t  y ( L / 2 )  = 0 and,consequently, w(1) = 0 which 
i n  t u r n  i m p l i e s  t h a t  (jn)opt = 0. The cond i t ion  j r (0 )  = 0 becomes 
simply  w(0) = 1 and thus (j,),,, = m and 6 = l / m  ( m s  p ) .  
63 
Thus , i n   t h e   s t r u t  problem we  n o  n o t  i n i t i a l l y  know t h e  
values  of e i t h e r  j o  and j l  or  jn,, and j n  which would have 
made apply ing  the  recurs ion  equat ion  s t ra ight forward .  What w e  
do know are t h e  s t a r t i n g  and  ending  values j o  and jn .  Inspec- 
t i o n  of Equations (61) and (65) r e v e a l s  t h a t  g ( n , j n ,  jn+l) = 0 
unless  jn+l - j n  = 0. This  proper ty  makes i t  p o s s i b l e  t o  s t a r t  
a t  i = n.  The computational scheme may  now be  ou t l ined :  
(0) Set r ( n , j n )  = 0 f o r  a l l  jn  
(1)  Since the first boundarycondi t ion i s  j n  = 0 ,  
compute for each jn-l: 
1 
. 
(n)   Final ly ,compute  for   each j,: 
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When the second condi t ion j o  = m is  used, w e  n o t e  t h a t  t h e  min- 
imum weight i s  determined, 
and we can p roceed  wi th  the  ca l cu la t ion  of (ji)opt us ing  
Equation (68) : 
= m  
F i n a l l y ,  w i t h  t h e  set  of values (j i)opt i t  i s  p o s s i b l e  t o  cal-  
c u l a t e  t h e  optimum area d i s t r i b u t i o n  
With n = 50  and m = 50, (a)opt and were computed 
t o  b e  0.5648 and 0.1985 r e spec t ive ly  wh i l e  t he  exac t  so lu t ion  
y i e lded  S/T = 0.5513  and 2 / ~ s  = 0.2074 r e s p e c t i v e l y .  The 
values  obtained v ia  dynamic programing should approach those 
f rom the  exac t  so lu t ion  when e i t h e r  n and m become l a r g e  o r  when 
an i n t e r p o l a t i o n  scheme i s  introduced which allows optimum V a l -  
ues  to  occur  be tween the  tabula ted  va lues .  
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2.  Columns wi th  F ixed  Diameters. - The approach used to  de t e rmine  
t h e  d i a m e t e r  d i s t r i b u t i o n  f o r  a s o l i d  column can be adopted for 
t h e  more e f f i c i e n t  h o l l o w  c r o s s  s e c t i o n s .  When loca l  buck l ing  
can be ignored, i t  i s  good p r a c t i c e  t o  s p r e a d  o u t  t h e  c r o s s  sec- 
t i o n s  as much as poss ib l e .  Using the  l a rges t  pe rmis s ib l e  wid th ,  
we sha l l  de t e rmine  the  optimum sec t ion  th icknesses  a long  the  
column length.  This  may be  done  very  simply i n  t h e  p r e s e n t  cir-  
cumstances by using the uniform stress p rope r ty  desc r ibed  in  the  
prev ious  subsec t ion .  
Consider a hollow prismatic column i n  which we w i l l  a d j u s t  
t h e  wall th ickness  (or  any s i n g l e  open parameter) in such a way 
tha t  the  bending  stress w i l l  be uniform i n  t h e  b u c k l e d  form. 
In  such  a case t h e  moment o f  i n e r t i a  must b e  r e l a t e d  t o  t h e  
appl ied  moment through the bending stress formula, 
Hence, t he  d i f f e ren t i a l  equa t ion  o f  bend ing  becomes 
We obtain immediately by quadrature,  
where we have imposed the boundary conditions 
y = O ,   a t x = O  
d~ = 0 ,  a t  x = ~ / 2  
dx 
To f i n d  an open parameter corresponding to y w e  simply set  
pY 
= uI(x) /c .   Thus ,   for  a t h i n - w a l l e d  c i r c u l a r  s e c t i o n  w i t h  
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I = .rrR t ( x ) ,  w e  o b t a i n  t h e  p a r a b o l i c  t h i c k n e s s  d i s t r i b u t i o n  t ( x ) .  3 
where R i s  t h e  r a d i u s  and the  a s soc ia t ed  volume of t h e  column 
i s  given by 
V = PL3/6R2E 
o p t  ( 7 4 )  
The corresponding optimum cons tan t  r ad ius  and cons tan t  th ickness  
column has 
t = P L  / n R E  2 3 3  ( 7 5 )  
Therefore ,  when the  l eng th ,  r ad ius ,  and load are equ iva len t ,  
The  weight  saving is t h e r e f o r e  1 7 . 7  percent .  When the  th i ck -  
ness  i s  cons t an t  and the  r ad ius  va r i e s  i n  an  optimum fash ion ,  
t h e  most e f f i c i e n t  h o l l o w  s t r u t  shows a weight saving of 10.9 
percent   over   the   comparable   p r i smat ic   s t ru t .  An examination  of 
e i the r  Equa t ions  ( 7 4 )  o r  ( 7 6 )  i n d i c a t e s  t h e  p o s s i b i l i t y  of 
a r b i t r a r i l y  i n c r e a s i n g  R w i th  an  a t t endan t  r educ t ion  in  volume 
and   decrease   in  w a l l  th ickness .  It i s  abundantly clear t h a t  
l oca l  buck l ing  w i l l  occur a t  the ends of the  column and, con- 
sequent ly ,  a rea l  column w i l l  have t o  s a t i s f y  a cond i t ion  which 
p r e c l u d e s  t h i s  mode of f a i l u r e .  
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C .  Energized Columns 
* 
T r a d i t i o n a l l y  t h e  s t r u c t u r a l  e n g i n e e r  e q u i l i b r a t e s  f o r c e s  
by p l ac ing  ob jec t s  i n  the i r  pa ths  wh ich  deve lop  equa l  and  op- 
p o s i t e  r e s i s t i n g  f o r c e s .  T h e r e  are, of  course,  many o t h e r  ways 
of  providing these equal  and oppos i te  forces ;  bu t ,  they  are 
seldom  employed in  s t ruc tu ra l  des ign .  Fo r  example ,  w e  might 
use magnetic forces , c e n t r i p e t a l   f o r c e s  , e l e c t r o s t a t i c   f o r c e s  , 
nuc lea r   fo rces ,   o r   fo rces   c r ea t ed  by chemical   explosions.   In  
other words,  some energized s y s t e m  may supply  the  res i s tance  
normally  provided by a s t r u c t u r e .  The ques t ion  i s ,  can an 
energized s y s t e m  develop t h i s  r e s i s t a n c e  a t  lower  cos t  o r  
lower weight  than the convent ional  s t ructure? 
The systemlenergy concept admits many e x c i t i n g  p o s s i b i l -  
i t i e s .  For   ins tance ,  by using  thermal  energy, a b i m e t a l l i c  
s t r i p ,  and a s imple servo mechanism,  an i n f i n i t e l y  s t i f f  beam 
can  be  constructed.  We have,   unfortunately,   only  touched  on  this  
s u b j e c t  i n  t h e  p r e s e n t  s e c t i o n  which u t i l i z e s  a c i r c u l a t i n g  f l u i d  
t o  p r e s t r e s s  a co lumn.   Neverkheless ,   ce r ta in   f i r s t   o rder   fea-  
t u r e s  c a n  b e  i l l u s t r a t e d  e v e n  i n  t h i s  p r e l i m i n a r y  i n q u i r y .  
1. Weight of F l u i d .  - To prec lude  loca l  buckl ing ,  w e  s h a l l  em- 
p loy the s teady f low of  a p e r f e c t  f l u i d  t o  a c h i e v e  a p r e s t r e s s  
l e v e l  e q u a l  t o  t h e  column load P .  Refer r ing   to   F igure   3a ,   the  
fo rce  due  to  a f l u i d  j e t  impinging on a fixed vane w i l l  be com- 
pu ted  in  the  usua l  way from t h e  momentum theorem, i . e . ,  fo rce  
on a mass i s  e q u a l  t o  i t s  t i m e  ra te  of change i n  momentum. Applica- 
t ion  of  th i s  theorem gives  r i s e  t o  t h e  two forces of magnitude 
v Ayf/g acting on the upper vane in Figure 3a where v i s  the  s teady  
mean speed  o f  t he  f lu id ,  A i s  t h e  c r o s s - s e c t i o n a l  area of t h e  
j e t  stream, y f  i s  the weight  densi ty  of  the f luid and g i s  t h e  
g r a v i t a t i o n a l   a c c e l e r a t i o n .  We t h e r e f o r e   r e q u i r e   t h a t  
2 
P = 2v 2 Ayf/g ( 78) 
7k 
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Using t h i s  f l u i d  momentum i n  t h e  s i m p l e  column shown i n  F i g u r e  3b, 
we w i l l  never  exper ience  ax ia l  compress ion  in  the  column walls. 
The we igh t  o f  t he  f lu id  Wf u s e d  i n  t h i s  column i s  
Wf = 2ALYf 
or  us ing  Equat ion  (78), 
- 
wf - -& PL 
We n o t e  t h a t  t h e  f l u i d  w e i g h t  v a r i e s  l i n e a r l y  w i t h  P and L ;  b u t ,  
t he  more impor t an t  r e su l t  l i es  i n  t h e  o b s e r v a t i o n  t h a t  t h e  f l u i d  
weight  goes  to  zero as the   f lu id   speed   approaches   in f in i ty .  It 
i s  clear from Equation (78 )  t h a t  any r e s i s t a n c e  may be obtained 
by increas ing  v without changing the amount o f  f l u i d .  
It i s  of some i n t e r e s t  t o  compare the gas  and f lu id  we igh t s  
given by Equations ( 6 ) and (80).  For a f l u i d  t o  weigh .less than 
a gas ,  t h e  f l u i d  v e l o c i t y  must be  taken  grea te r  than  the  square  
root  of  the  pressure-mass  dens i ty  ra t io ,  i . e . ,  
To surpass hydrogen a t  20°C, t h e  v e l o c i t y  must be  g rea t e r  t han  
3610 f t l s e c .  
2 .  Tube Weight Based on Strength.- 
a. Open  End Tube: We r e f e r  t o  t h e  column shown i n F i g u r e  3b as an 
open  end  column.  The  end c l o s u r e  and seal  i s  furnished by t h e  
loading mechanism or  cont iguous  members and i t  i s  assumed t h a t  
t h e  f l u i d  v e l o c i t y  i s  ad jus ted  so  t h a t  i t s  r e a c t i o n  j u s t  b a l a n c e s  
t h e  column load.   This   precludes any a x i a l  stress i n  t h e  t u b e  
walls. It i s  p o s s i b l e  t o  accelerate a p e r f e c t  f l u i d  t o  h i g h  
v e l o c i t i e s  by using a very small pressure gradient  over  a long 
t i m e  span .   Theore t ica l ly ,  when the   g rad ien t  i s  removed t h e  f l u i d  
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w i l l  c o n t i n u e  t o  c i r c u l a t e  i n d e f i n i t e l y  a t  the  t e rmina l  ve loc i ty .  
In  such  a s i t u a t i o n ,  t h e  hoop stresses i n  t h e  t u b e  walls are 
n e g l i g i b l e ,  and  indeed,  no walls are requi red  a t  a l l .  This  
l i m i t i n g  s i t u a t i o n  is  i l l u s t r a t e d  i n  F i g u r e  3 a  where two f i x e d  
vanes are shown wi th  a f r e e  j e t  impinging on  them. 
b. Closed  Tube: We s h a l l  assume t h a t  a pe r fec t  f l u id  unde r  ze ro  
p re s su re  is c i r c u l a t e d  i n  t h e  c i r c u i t  shown i n  F i g u r e  4a . T o  
prevent  local  buckl ing under  the column load P , t h e  f l u i d  v e l o c i t y  
i s  se l ec t ed  to  p roduce  an ax ia l   p reforce   o f   th i s   magni tude .   In  
the unloaded condi t ion,  both the horizontal  and v e r t i c a l  members 
must resist  an a x i a l  f o r c e  P /2 .  In   the   loaded   condi t ion ,   on ly  
t h e  h o r i z o n t a l  a x i a l  f o r c e  p e r s i s t s .  T h u s ,  t h e  t o t a l  l e n g t h  o f  
tubing must be designed as a t ens ion  member support ing a f o r c e  
P / 2 .  Minimiz ing  the  to ta l  l ength  by p l ac ing  the  two v e r t i c a l  
tubes next  to  each other ,  as i n  F i g u r e  3b , t h e  e f f e c t i v e  t u b e  
length  i s  approximately 2L and the required weight  i s  simply 
where again ut i s  t h e  t e n s i l e  s t r e n g t h  and p i s  the weight den- 
s i t y  o f  the  tube  material. 
3 .  S t a b i l i t y .  - With  the  p rope r  f lu id  ve loc i ty ,  i t  seems clear 
t h a t  t h e  s y s t e m  shown i n  F i g u r e  3a can  equ i l ib ra t e  t he  load ing ;  
however ,  our  in tu i t ion  sugges ts  tha t  th i s  l iqu id  column i s  un- 
s t a b l e .  We can easily show t h a t  t h e  walls of a tubu la r  column 
must p r o v i d e  t h e  r e q u i r e d  E u l e r  s t a b i l i t y ;  n e i t h e r  a moving 
l i qu id  no r  an i n t e r n a l  p r e s s u r e  c a n  e f f e c t  t h e  column buckl ing 
r e s i s t a n c e .  To see t h i s  w e  s h a l l  examine the  behavior  of  t he  
tubu la r  column shown i n  F i g u r e  4a which contains a p e r f e c t  f l u i d  
c i r c u l a t i n g  w i t h  a mean speed v under a mean p res su re  p .  When 
the  tubes  are undis tor ted,  the unloaded column s u s t a i n s  a n  a x i a l  
t e n s i o n  c r e a t e d  by the  p re s su re  and i n e r t i a  f o r c e s ,  i . e . ,  
P = 2A(p + v yf /g)  where A i s  c r o s s  s e c t i o n a l  area of  the tube.  2 
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(a) Tubular Column (b) Hollow Torus 
Fig.4 COMPRESSION MEMBERS FILLED WITH A 
PRESSURIZED CIRCULATING PERFECT FLUID 
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I f  a tube undergoes a d i s t o r t i o n  w measured normal t o  t h e  o r i g -  
i n a l  c e n t r o i d ,  t h e  e f f e c t i v e  la teral  r e s t o r i n g  f o r c e  i s  simply 
where s i s  measured  along  the  tube. Now, r e f e r r i n g  t o  t h e  
dashed element i n  F i g u r e  4a , compressive forces acting on t h e  
f l u i d  a t  the  end  c ross  sec t ions  are caused by t h e  p r e s s u r e ,  PA, 
and  by t h e  ra te  of  change i n  t h e  momentum, v Ayf/g.  But,  these 
a x i a l  f o r c e s  are e q u a l  t o  -P/2;  they  exac t ly  cance l  ou t  the  
f o r c e  i n  t h e  t u b e  wal ls .  Consequent ly ,   no  effect ive l a te ra l  
fo rce  i s  generated by the  f low or  pressure .  The r e s i s t a n c e  
to  Euler  buckl ing  proceeds  as i f  t h e r e  were n o  f l u i d ;  l o c a l  
buckl ing i s  prevented by the f low and pressure .  
2 
The same b a s i c  argument can be used t o  d e s c r i b e  t h e  behav- 
i o r  o f  a hollow torus which i s  f i l l e d  w i t h  a pressur ized  and 
c i r c u l a t i n g  f l u i d .  When such  an  element  entertains a uniform 
c i r cumfe ren t i a l  fo rce  S ,  any r a d i a l  d e v i a t i o n  o f  i t s  c e n t r o i d  w 
from t h e  c i r c u l a r  e q u i l i b r i u m  p o s i t i o n  r e s u l t s  i n  a r a d i a l  re- 
s t o r i n g  f o r c e  p e r  u n i t  arc length given by ( r e f .  6 ,  s e c t i o n  40)  
ds 
where ro i s  t h e  i n i t i a l  r a d i u s  of t h e  cen t ro id  and w i s  p o s i t i v e  
when w > ro. Now, S = pA + v Ayf/g for a p r e s s u r i z e d  c i r c u l a t i n g  
f l u i d .  On the  other   hand,  a compressive  force acts on t h e  f l u i d  
a t  any c r o s s  s e c t i o n  and i s  made up of a p res su re  con t r ibu t ion  pA 
and a change i n  momentum con t r ibu t ion  v Ayf/g. For a r a d i a l  
e lement  of  uni t  arc length,  the change in  the curvature  due to  w 
2 
2 
i s  
B. 
[9 + $1 rO 
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Therefore ,  the forces  on the f luid produce a r a d i a l  outward 
f o r c e  p e r  u n i t  arc length of  
-s[+ ds  + 
rO 
S ince  the  two r a d i a l  f o r c e s  a r i s i n g  f r o m  t h e  d i s t o r t i o n  w cance l  
out,  no  secondary  bending i s  produced by t h e  f l u i d .  The o v e r a l l  
s t a b i l i t y  o f  t h e  t o r u s  u n d e r  a uniform radial  compressive loading 
i s  t h e  same f o r  t h e  empty and t h e  f l u i d  f i l l e d  member. The prob- 
l e m  o f  r o t a t i n g  t h e  t o r u s  i s  t h e  same as t h a t  o f  t h e  c i r c u l a t i n g  
f l u i d ,  and consequent ly ,  th i s  method o f  p re s t r e s s ing  a l so  has  
n o  e f f e c t  on t h e  o v e r a l l  s t a b i l i t y .  
We now tu rn  ou r  a t t en t ion  to  the  p rob lem o f  des ign ing  a 
s t a b l e  " f l u i d  column."  Beginning  with  the  closed  tube  column, 
w e  recal l  t ha t  bo th  the  tube  we igh t  and the  f lu id  we igh t  va ry  
l i n e a r l y  w i t h  P and L. Consequently, n columns of the type shown 
i n  F i g u r e  4a  may each support  P/n without compromising the total  
weight. We now t rea t  each of  these n columns as elements com- 
p r i s ing  the  pe r iphe ry  o f  a s i n g l e  c i r c u l a r  column i n  t h e  f a s h i o n  
i l l u s t r a t e d  i n  Figure  5a.   Using  the  f ixed  weight   of  material Wc 
given by Equation (82) , w e  c a n  c o n s t r u c t  o u r  c i r c u l a r  column 
wi th  any r ad ius  des i r ed  by ad jus t ing  n and t h e  wal l  thickness  of  
the  c losed  tube  e lements .  It fo l lows  tha t  any moment o f  i n e r t i a  
and,  therefore ,  any Eu le r  buck l ing  r e s i s t ance  may be achieved 
by adopting a s u f f i c i e n t l y  l a r g e  r a d i u s .  
C l e a r l y  then,  w e  can always construct columns which preclude 
Euler  buckling. The total   weight  of  such  columns i s  found  from 
Equations (80) and (82) ; thus , 
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(a) CLOSED COLUMN (b) OPEN END COLUMN 
F ig5  OPTIMUM FLUID COLUMNS 
This  weight  i s  less t h a n  t h a t  o f  t h e  p r e s s u r i z e d  c l o s e d  c y l i n -  
d r i c a l  column when 
I n  t h e  l i m i t i n g  case, v approaches inf ini ty ,  the v2 t e r m  drops 
ou t  of Equation 83,  and t h e  f l u i d  column  has t h e  same weight as 
a tension member of  length  L which  i s  under a load P. The weight 
o f  t h e  " i n f i n i t e  s p e e d ' '  f l u i d  column i s  about one third to one 
fou r th  tha t  o f  t he  p re s su r i zed  column. 
The open tube problem i s  similar t o  t h a t  o f  t h e  c losed tube 
i n  t h e  s e n s e  t h a t  w e  can  cons t ruc t  a c i r c u l a r  column of  any 
r ad ius  from n open  tube  elements as shown in  F igu re  5b .  Here, 
an in f in i t e  f lu id  speed  e l imina te s  the  f lu id  we igh t  and  an 
in f in i t e  r ad ius  e l imina te s  Eu le r  buck l ing .  We recal l  t h a t  a 
tube of  vanishingly small weight w a s  r e q u i r e d  t o  c o n t a i n  t h e  
f lu id ;  consequent ly ,  for  the  "open cond i t ions , "  t he  l imi t ing  
column has zero mass. 
4 .  Energy Losses. - The  assumption of an i d e a l  f l u i d  w a s  adopted 
throughout our prev ious   d i scuss ions .  On t h i s  b a s i s ,  any v e l o c i t y  
could be imparted to  a f l u i d  and the motion would be maintained 
i n d e f i n i t e l y .  One can  introduce t h e  requi red  energy  in to  a s y s -  
t e m  p r i o r  t o  i t s  miss ion;  the  energy-force  re la t ionship  can  be  
modified without changing the s y s t e m  mass. Although some real  
f lu ids ,  such  as l iqu id  he l ium,  c lose ly  approximate  idea l  behavior ,  
w e  must gene ra l ly  take e n e r g y  l o s s e s  i n t o  a c c o u n t  i n  a n  e x p l i c i t  
fash ion .  
Real fluids always have some v i s c o s i t y  and t h i s  f r i c t i o n a l  
phenomenon accounts  for  t h e  energy  d iss ipa ted  when t h e  f l u i d s  
are se t  i n  motion. To maintain a d e s i r e d  f l u i d  v e l o c i t y ,  one 
must cont inua l ly  rep lace  the  i r recoverable  energy .  This  may be  
done by drawing energy from t h e  environment or from a source 
which is p a r t  of. the system. In e i the r  case, a d d i t i o n a l  mass i s  
r equ i r ed  fo r  i t s  s t o r a g e ,  d i s t r i b u t i o n ,  and conversion. 
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It i s  clear t h a t  t h e  e f f i c i e n c y  o f  a real f l u i d  column must 
be judged on the  weight  of  the  en t i re  sys tem.  We a lso  observe  
tha t  ex tended  miss ions  requi re  more massive storage hardware 
when t h e r e  is  no ex terna l  energy  source ,  and as a consequence, 
mission t i m e  may become an important parameter.  Further ex- 
p lo i t a t ion  o f  t he  ene rg ized  sys tem concept w i l l  c e r t a i n l y  embrace 
considerat ions of  laminar  and turbulent .f low, vapor pressure,  




6 .  Timoshenko, S .  , Theory  of E las t ic  S t a b i l i t y ,  M c G r a w - H i l l  
Book Co., Inc . ,  F i r s t  Ed i t ion ,  1936 ,  New York  and  London, 
Tenth Impression. 
7 .  Clauson, T .  , "Uber d i e  Form archi tek tonischer  Saulen ,"  
Bulletin Physico-Mathematiques e t  Astronumiques, Tome 1, 
1849-1853, St. Petersburg,  1853, pp  279-294. 
8. Bellman, R.  E .  and Dreyfus, S .  E .  , Applied Dynamic Programming, 
Pr ince ton   Univers i ty   Press ,   Pr ince ton ,  New Jersey,   1962.  
78 
I V .  DESIGN  OF  STATICALLY DETERMINATE TRUSSES 
FOR  MINIMUM WEIGJ3T AND DEFLECTION 
A. In t roduc t ion  
A s  materials of ever inc reas ing  s t r eng th  are made a v a i l -  
ab l e ,  t he  p ropor t ion ing  o f  s t ruc tu ra l  components w i l l  be  
governed more  and  more by s t i f f n e s s  and s t a b i l i t y  r a t h e r  t h a n  
s t rength .   Thissec t ion   addresses  i t se l f  to   the   p roblem of de- 
s ign ing  a s t a t i ca l ly  de t e rmina te  p l ane  o r  space  t rus s  unde r  a 
s ing le  load  sys t em so  t h a t  i t s  s t i f f n e s s / w e i g h t  r a t i o  i s  max- 
imum. This  may be  accomplished by opt imiz ing  the  loca t ion  of 
the  t ru s s  nodes  and by o p t i m i z i n g  t h e  d i s t r i b u t i o n  o f  b a r  
areas ; both procedures are t r e a t e d .  
S p e c i f y i n g  t h e  t r u s s  o u t l i n e  t o g e t h e r  w i t h  c e r t a i n  member 
s i z e s ,  o u r  f i r s t  s t u d i e s  r e q u i r e d  t h a t  t h e  "open" b a r  areas i n  
the  t ru s s  be  va r i ed  to  p roduce  a given node def lect ion with a 
minimum volume o f  material. Depending  on the  loading  and t h e  
s p e c i f i e d   d e f l e c t i o n ,   t h r e e   s i t u a t i o n s  were encountered.  In 
one,  no physical  bar  areas e x i s t  which w i l l  s a t i s f y  t h e  d e f l e c -  
t ion   requi rement .   In   another ,   one   f inds   an   in f in i te  number of 
bar area d i s t r i b u t i o n s  which produce not only the specified 
de f l ec t ion ,  bu t  a l so ,  nega t ive  de f l ec t ions  o r  ze ro  de f l ec t ion  
a t  the  given  node.   For   this  case, when s t r e n g t h  and s t a b i l i t y  
are d is regarded ,  any  def lec t ion  can  be  achieved  wi th  t russes  
o f   van i sh ing   we igh t .   I n   t he   f i na l  case, a unique  bar  area d i s -  
t r i b u t i o n  i s  obtained which represents  t h e  absolu te  minimum 
we igh t  des ign  o f  t he  t ru s s .  One of  the  characterist ics o f  t h i s  
t r u s s  i s  tha t  the  product  of  t h e  a c t u a l  stress and t h e  v i r t u a l  
stress i s  t h e  same f o r  a l l  b a r s ;  t h e  v i r t u a l  stresses arise from 
a u n i t  l o a d  p l a c e d  i n  t h e  d i r e c t i o n  and a t  t h e  node of t h e  de- 
s i r ed  de f l ec t ion .  Des igns  o f  minimum weight and uniform stress 
beams and t r u s s e s  are compared fo r  equa l  cons t an t  dep th  members. 
The beam i s  found t o  b e  s u p e r i o r  t o  t h e  t r u s s  on a s t r i c t l y  
s t i f f n e s s / w e i g h t   b a s i s .  
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In  our  second s tudy,  we  aga in  cons ider  a t r u s s  o f  f i x e d  
o u t l i n e  w i t h  certain member s i z e s  s p e c i f i e d ;  o n l y  h e r e ,  t h e  
open bar  areas are r e q u i r e d  t o  b e  no smaller t h a n  c e r t a i n  
s p e c i f i e d  minimum areas es tab l i shed  f rom perhaps  code ,  s t rength ,  
o r  s t a b i l i t y  r e q u i r e m e n t s .  I f  t h e  d e f l e c t i o n s  o f  s u c h  a t r u s s  
are excess ive  when t h e  b a r  areas are taken as t h e i r  minimum 
s p e c i f i e d  v a l u e s ,  a method i s  p r e s e n t e d  f o r  s t i f f e n i n g  t h e  
t r u s s  w i t h  a minimum inc rease  in  the  we igh t .  The  a s soc ia t ed  
mathematical problem may be formulated as a non l inea r  program- 
ming problem with a n o n l i n e a r  o b j e c t i v e  f u n c t i o n  and l i n e a r  
c o n s t r a i n t s .  A very  r ap id  p rocedure  su i t ab le  fo r  a desk cal- 
c u l a t o r  i s  desc r ibed  fo r  f ind ing  the  exac t  so lu t ion  to  t h i s  
problem i n  a f i n i t e  number o f  i t e r a t i o n s .  The r e s u l t i n g  t r u s s  
i s  unique and represents  the absolute  minimum weight  design 
producing a spec i f ied  node  def lec t ion .  
I n  o u r  f i n a l  minimum weight design problem, both the loca- 
t i on  o f  t he  t ru s s  nodes  and t h e  b a r  areas are allowed t o  v a r y .  
For  th i s  problem,  prev ious  inves t iga tors  have  concluded  tha t  
t he  optimum s t i f f n e s s / w e i g h t  t r u s s  i s  a Miche l l  s t ruc tu re .  We 
show t h a t  t h i s  u n i f o r m l y  s t r e s s e d  s t r u c t u r e  i s  optimum only 
when t h e  a c t u a l  and v i r t u a l  l o a d i n g s  are p ropor t iona l .  When 
t h i s  i s  n o t  t h e  case, an i n f i n i t e  number o f  t ru s s  conf igu ra t ions  
can be found which produce any des i r ed  node de f l ec t ion ,  i nc lud -  
i n g  z e r o  d e f l e c t i o n ,  w i t h  a s t r u c t u r e  of vanishing weight .  
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B. Trusses  with Given Configurat ions 
The de f l ec t ion  o f  any j o i n t  o f  a pin-connected t russ  i s  
g iven  by  the  v i r tua l  work express ion  
= c n  SUL 
where,  for any member, S i s  t h e  d i r e c t  stress resu l t ing  f rom 
the  appl ied  loading ,  u i s  t h e  d i r e c t  stress resu l t ing  f rom a 
un i t  l oad  app l i ed  ea t h e  s p e c i f i e d  d i r e c t i o n  a t  t h e  j o i n t  where 
t h e  d e f l e c t i o n  i s  d e s i r e d ,  L i s  the  l eng th ,  A is  t h e  area, and 
E i s  t h e  modulus o f  e l a s t i c i t y .  The  summation extends  over a l l  
bars i n  t h e  s t r u c t u r e .  
Consider  the bars i n  a s t a t i c a l l y  d e t e r m i n a t e  t r u s s  t o  b e  
d i v i d e d  i n t o  two groups.   In  t h e  f i r s t ,  t h e  members w i l l  be  com- 
p l e t e ly   desc r ibed  and denoted  by  the  subscr ipt  c ( c losed ) .  I n  
the second group, everything except the member areas w i l l  be 
s p e c i f i e d  and these  w i l l  be  t r ea t ed  as open  parameters. T h i s  
group w i l l  be denoted by t h e  s u b s c r i p t  0. Equation (1) may be 
r e w r i t t e n  as 
A -  
where  the  symbols  and 1 mean t h e  summation over   the  members 
of group c and  summation over  group o r e spec t ive ly .  S ince  w e  
are cons ider ing  a design problem as opposed t o  an analysis  prob-  
l e m ,  t h e  d e f l e c t i o n  A w i l l  be  spec i f i ed  and the  areas A. w i l l  be  
sought.  It i s  then  mean ingfu l  t o  d i s t ingu i sh  fou r  cases  and 
these  w i l l  b e  t r e a t e d  i n  t h e  f o l l o w i n g  s e c t i o n s .  
C 0 
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Case 1: The s ign  o f  t he  p roduc t  Souo i s  e i t h e r  n o n p o s i t i v e  or 
non-negat ive for  a l l  members and t h e  l e f t  s i d e  o f  E q u a t i o n  (2) 
i s  zero ;  o r  a n a l y t i c a l l y ,  
and e i t h e r  Souo 2 0 o r  Souo 5 0 f o r  a l l  members 0. 
F o r  t h i s  case, Equation (2)  canno t  be  sa t i s f i ed  us ing  on ly  
f i n i t e  v a l u e s  f o r  Ao. Thus ,   no   phys ica l   so lu t ion   ex is t s .  
Case 2 :  The s i g n  o f  t h e  product: Souo i s  d i f f e r e n t  from tha t  o f  
t h e  l e f t  s i d e  o f  E q u a t i o n  (2)  f o r  a l l  members; o r  a n a l y t i c a l l y ,  
so'o 
c *cEc 
n -  1 scucLc 
f o r  a l l  members 0. 
For  th i s  cond i t ion ,  t he  s igns  
of Equation ( 2 )  cannot be made t h e  
o f  t h e  r i g h t  and l e f t  s i d e  
same unless  nega t ive  va lues  
of   the  areas A. are admitted.   Again,   no  physical   solution 
e x i s t s  . 
Case 3: The product  Souo i s  p o s i t i v e  f o r  some t r u s s  members and 
nega t ive  fo r  o the r s ,  Souo 4 0 and Souo > 0 f o r  t h e  members 0. 
We s h a l l  show t h a t  i n  t h i s  case any s p e c i f i e d  d e f l e c t i o n  
value can be obtained using a t r u s s  o f  a r b i t r a r i l y  small weight.  
L e t  each open member w i t h  a negat ive  product  Souo have an area A1, 
and l e t  t h e  members wi th  a pos i t i ve  p roduc t  Souo have an area A2.  
Then, Equation (2 )  may b e  w r i t t e n  as 
c c c =1 
souoLo E  I 
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where the symbols +o 1 and -o are t h e  sums over   the members wi th  
p o s i t i v e  and negat ive   p roducts  Souo r e spec t ive ly .  So lv ing  
Equation (3)  for A1 w e  f i n d  t h a t  any f i n i t e  d e f l e c t i o n  A can 
be  achieved  with  non-negative areas A1 and when A1 i s  given 
by 
A1 - - 
g s o ~ L o l  
- 1 1 souoLo - scucLc 
A2 +o EO IA - F ACEC I 
and A2 i s  t a k e n  s u f f i c i e n t l y  small. It i s  clear t h a t  
l i m  A1 = 0 
Phys ica l ly ,  w e  n o t e  t h a t  t h e  stresses and d e f l e c t i o n s  a t  j o i n t s  
o ther  than  the  one  wi th  the  spec i f ied  def lec t ion  approach  in-  
f i n i t y  as the  two areas A1 and A2 approach zero. 
It can be seen from Equation ( 3 )  t h a t  by "beef ing up" mem- 
bers  wi th  nega t ive  products  Souo ( inc reas ing  A1), t h e  d e f l e c t i o n  
i s  increased .  On the other  hand,  by making such members more 
f l e x i b l e  w e  produce unusual  effects  such as upward d e f l e c t i o n s  
of s imply  supported  t russes   under  downward ac t ing   l oads .  T h i s  
s i t u a t i o n  i s  i l l u s t r a t e d  i n  t h e  p h o t o g r a p h  shown in  F igu re  1. 
I f  t h e  f l e x i b i l i t y  o f  members wi th  Souo 0 are ad jus ted  so t h a t  
z e r o  d e f l e c t i o n  i s  obtained a t  the  spec i f ied  node ,  th i s  condi -  
t i o n  w i l l  p e r s i s t  as the  loading  i s  increased or  decreased 
p ropor t iona l ly .  
Case 4 :  The s ign  of   the  product  Souo 
t h e  l e f t  s i d e  o f  E q u a t i o n  (2)  f o r  a l l  
i s  the  same as t h a t  of 
members ; o r  a n a l y t i c a l l y ,  
f o r  a l l  members 0. 
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Upward Deflection 
Fig. I TRUSS  EXHIBITING  UPWARD  EFLECTION DUE TO A 
DOWNWARD ACTING LOAD 
The numerator and denominator i n  t h e  above f r a c t i o n  w i l l  
be  cons ide red ,  w i thou t  l o s s  i n  gene ra l i t y ,  as non-negative 
q u a n t i t i e s .  F o r  t h i s  case, we s h a l l  f i n d  a set o f  ba r  areas A. 
which  minimize  the  t russ  weight  subjec t  to  the  condi t ion  tha t  A 
i s  a s p e c i f i e d  c o n s t a n t .  The weight of a t r u s s  may b e  w r i t t e n  
* 
r” P 
where p i s  the weight  densi ty  of  a bar .  Repeat ing Equat ion (2), 
t h e  d e f l e c t i o n  i s  
S U L  S U L  
A =  +x = s p e c i f i e d   c o n s t a n t .  
c 0 AoEo 
Using Lagrange’s method of undetermined multipliers, a set  of 
areas A t  may be found from Equations (6) and ( 7 )  which render W 
s ta t ionary ;   hence ,  
where A i s  t h e  Lagrangian  mult ipl ier .   Performing  the  operat ions 








W* a s s o c i a t e d  w i t h  A, may be found by subst i tut ing * 
9) i n t o  (6) : 
W* = 1 pcAcLc + 
C 
2 
A -  
We s h a l l  now show t h a t  t h e  s t a t i o n a r y  v a l u e  W* i s  an ab- 
s o l u t e  minimum; i .e . ,  f o r  any set of areas A. 2 0 s a t i s f y i n g  
A = s p e c i f i e d  c o n s t a n t ,  W 5 W. 
Define F I W - W 
* 
9; 
Using  Equations (6) and ( l o ) ,  F becomes 
F = C P A L  + x P A L  - 
C 
c c c  0 0 0  PcAcLc + 
A -  x scucLc 
C AcEc 
S u b s t i t u t i n g  f o r  A from Equation (7), one  obta ins  
112 
1 1 5 AoEo ]& 'oAoLo) - [c [ AoEo ) 1 PoAoLo 1 F =  souoLo so'oLo 
(12)  
The q u a n t i t y  i n  braces i s  non-negative by Schwarz's  inequality.  
S ince  the  quan t i ty  
i s  also  non-negat ive,  F 2 0. Q.E.D. 
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It should be noted that  the weight  of  t h e  ''open" members 
descr ibed  by the second t e r m  in  Equat ion  (10) is  inve r se ly  
p r o p o r t i o n a l  t o  t h e  s p e c i f i c  s t i f f n e s s  E / p .  T h i s  r a t i o  i s  
approximately equal  to  lo8 i n .  f o r  most of the common metals; 
f o r  ceramics w e  f i n d  s p e c i f i c  s t i f f n e s s e s  as high as lo9 i n .  
I f  a t r u s s  i s  designed using one material, Equation (9) 
i n d i c a t e s  t h a t  i n  t h e  optimum s t i f fnes s /we igh t  t ru s s  t he  p rod-  
uc t  o f  t he  ac tua l  stress and t h e  v i r t u a l  stress i s  cons t an t  




( P ) o )  = = cons tan t  (13)  
When t h e  a c t u a l  and v i r t u a l  l o a d i n g s  a r e  p r o p o r t i o n a l ,  S = ku 
where k i s  a constant .  For  such cases  i t  i s  evident  from 
Equation (13) t h a t  t he  optimum de f l ec t ion  des ign  i s  a uniformly 
s t r e s s e d  t r u s s .  
In  F igure  2 weight comparisons are made  among  minimum 
weight beams and t r u s s e s  and uniform stress t r u s s e s  when the  
designs are  based on d e f l e c t i o n .  The de ta i l ed  we igh t  r e l a t ion -  
s h i p s  f o r  t h e s e  members are developed  in Appendix 111. The 
design of optimum s t i f f n e s s / w e i g h t  beams i s  o u t l i n e d  i n  Appen- 
d i x  I ;  t h e  weight of a uniform stress t russ  designed on t h e  
b a s i s  o f  d e f l e c t i o n  i s  g i v e n  i n  Appendix 11. 
For low values of L/d where shear deformations are s i g n i f -  
i c a n t ,  a beam i s  found t o  be f a r  s u p e r i o r  t o  a t r u s s  when t h e  
designs  are   based on s t i f fness .  For  la rge  va lues  of  L/d ,  most 
of  the  t russ  weight  i s  c o n c e n t r a t e d  i n  t h e  c h o r d s  t o  resist  bend- 
ing  deformation. The r e s u l t i n g  t r u s s e s  are q u i t e  s i m i l a r  t o  
webless I-beams and the comparisons drawn f o r  t h i s  " i d e a l "  member 
i n  T a b l e  1 and Figure  4 of r e f .  1 ho ld  exac t ly  fo r  t he  t ru s ses  
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Fig. 2 COMPARISONS AMONG MINIMUM WEIGHT BEAMS 
AND  TRUSSES  AND  UNIFORM  STRESS TRUSSES 
C .  Trusses  wi th  Given Configurat ions and Minimum Bar S izes  
1. Desia Alnorithm. - Of the  fou r  cases d i s c u s s e d  i n  s e c t i o n  By 
on ly  the  th i rd  and four th  gave  rise t o  p h y s i c a l l y  a t t a i n a b l e  
so lu t ions .  In  bo th  o f  t hese  cases t h e  optimum areas f o r  t h e  
open members were es tab l i shed  wi thout  cons ider ing  the  conse-  
quences  of  s t rength ,  s tab i l i ty ,  cor ros ion ,  or  code  requi rements .  
I n  t h i s  s e c t i o n  w e  s h a l l  a g a i n  examine cases t h r e e  and fou r ;  
b u t  t h i s  t i m e ,  t h e  open members w i l l  be assigned minimum areas 
based on such c r i te r ia .  
Consider a t rus s  loaded  in  such  a manner t h a t  some of the 
open members have posi t ive products  Souo  and some negat ive .  
Suppose t h a t  t h e  d e f l e c t i o n  a t  some j o i n t  of t h i s  t r u s s  i s  
excessive when minimum ba r  a reas  ptn a re  used  in  the  members. 
S i n c e  t h e  s p e c i f i e d  d e f l e c t i o n  A can always be taken as non- 
nega t ive ,  the  foregoing  a i tua t ion  can  be  expressed  as  
O S A <  1 sOuOLO - I souoLo EoAm 1 +F scucLc 
+ o  EoAm -0 EcAc 
With only the areas  of the  open members a t  ou r  d i sposa l ,  w e  
must t r y  to  reduce  t h e  magnitude of  the r ight  s ide of  t h i s  in-  
e q u a l i t y  t o  t h e  s p e c i f i e d  v a l u e  A. C l e a r l y ,  the  magnitude i s  
reduced when the  areas of  the (+ 0) group are increased  and when 
the  areas of  the (-0) group are decreased. The l a t t e r  c o u r s e  
i s  p r e f e r r e d  s i n c e  i t  i s  accompanied by  a d e c r e a s e  i n  t h e  t r u s s  
weight.  However, in   Equat ion (14) t h e  members i n   t h e  (-0) group 
have  a l ready  the smallest admissible  areas. The remaining 
p o s s i b i l i t y  i s  t o  i n c r e a s e  t h e  areas of the (+ 0) group with 
a cor responding  increase  in  t russ  weight .  
There  are c i r cums tances  in  which t h e  f l e x i b i l i t y  o f  t h e  
c losed  members are so g r e a t  t h a t  t h e  s p e c i f i e d  d e f l e c t i o n  c a n n o t  
phys ica l ly  be  achieved .  The c o n d i t i o n  f o r  t h e  e x i s t e n c e  of a 
s o l u t i o n  i s  found from Equation (14) when the  a reas  of t h e  
(+ 0) group are allowed t o  approach inf ini ty;  hence,  
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Case 5: 
A - x  c c c +  
S U L  S U L  
c EcAc -0 1 I ;o:; I 5 O 
p h y s i c a l  s o l u t i o n  i s  impossible.  
Case 6: 
A - c  c S U L  c c c + ~ )  EcAc -0 S U L  EoAm O o 0 / > O  
p h y s i c a l  s o l u t i o n s  are poss ib le ,  
I n f i n i t e l y  many s o l u t i o n s  e x i s t  when t h e  i n e q u a l i t y  o f  
Equation (16) holds;  however,  only one minimizes the truss weight.  
The fo l lowing  procedure  s t i f fens  a t r u s s  w i t h  a minimum inc rease  
in   weight .  
(1) L e t  t h e  minimum areas be used for  those members 
i n  which  the  product Souo i s  negative.   These 
members should now be  inc luded  in  group c .  
(2)  Treat the remaining areas as open parameters 
(group 0) and determine their magnitudes from 
Equation ( 9 ) .  
( 3 )  If any of t h e  areas A i  assume values lower than 
t h e i r  minimum values  , increase  the i r  magni tudes  
t o  t h e i r  minimum values  and t r a n s f e r  them t o  
group c.  
-1, 
( 4 )  Retu rn  to  S tep  2 and r e p e a t  t h e  p r o c e s s  u n t i l  
t h e  areas determined by Equation (9) are a l l  
g r e a t e r  t h a n  o r  e q u a l  t o  t h e i r  minimum values .  
After  demonstrat ing this  design procedure by the fol lowing 
example, w e  s h a l l  r e t u r n  t o  S t e p  3 and comment on i t s  v a l i d i t y .  
2 .  Example. - We s h a l l  d e s i g n  t h e  t r u s s  shown i n  F i g u r e  3 a  so 
t h a t  t h e  downward d e f l e c t i o n  a t  j o i n t  G i s  equal  to  55a /E and 
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Fig.3 SIMPLY SUPPORTED  TRUSS 
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, Some of t h e  p r o p e r t i e s  of t h e  t r u s s  shown i n  F i g u r e  3 are given 
i n  Table 1. 
TABLE 1 
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The t r u s s  d e f l e c t i o n ,  when s p e c i f i e d  and minimum b a r  areas are used, 
i s  given by the sum of  the r ighthand column;  thus,  
Def l ec t ion  = E 69.936 a 
However , t h e  s p e c i f i e d  d e f l e c t i o n  i s  
55.000 a A =  E 
Compute Equation (16)  : 
A -  sl'lLl + = 55a 1 4 6  a + s4u4L4 E A1 E A4 -IT- E 
t h e r e f o r e ,  s o l u t i o n s  e x i s t .  
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S t e p  1: 
S e t  A4 = 0.2  and transfer i t  t o  group c.  Then 
1 c c c =  1 4 s a   5 f l  a = 12.728 a " 
C E E E E 
Step  2 :  
0 
E A -  1 scucLc 
C AC 
A: - v F 0 ( 1 6 . 3 7 9 )  55.000 - 12.728 = 0.3875 (Souo) 1 /2  
Member Minimum Area 

















Step  3: 
S e t  A3 = 1.0 and t r a n s f e r  t o  g r o u p  c .  Then 
c c c = 12.728 a + 12.000 a = 24.728 a S U L  
c EcAc E E E 
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S t e p  4: 
Return  to  S tep  2 .  
f2 S u (11.480) = 0.37923  (Souo) 112 
A: - 55.000 - 24.728 - 
Member 
































1. O O O O a  




1. O O O O a  
55.00098a  7.3434a  5.9798a 
Column (2) l i s t s  t h e  optimum areas. Using  these areas t h e  
d e f l e c t i o n  i s  computed i n  column (3) as a check on the computa- 
t i o n s .  The  volume of material i n  t h e  optimum t r u s s  i s  g i v e n  i n  
column ( 4 ) ,  and t h e  volume of material based on minimum areas 
is g i v e n  i n  column (5) . 
94 
Step  3 of  the design procedure i s  the only s tep which re- 
qu i r e s   e l abora t ion .  When an  optimum area A i s  i n c r e a s e d   t o  
i t s  minimum value ,  the  optimum values of a l l  t h e  o t h e r  member 
areas are a f f ec t ed .  I f  such an increase  can  cause  some of  the 
optimum values of the open members to  increase,  our  design pro-  
cedure breaks down. There would always be the possibi l i ty  that  
w e  had assigned a minimum value of area t o  a member which might 
have required a l a r g e r  area a f t e r  o t h e r  member areas had been 
i n c r e a s e d  t o  t h e i r  minimum values  in  accordance with Step 3 .  
We must ,  t he re fo re ,  show t h a t  an i n c r e a s e  i n  any  optimum area 
value w i l l  decrease a l l  of  the  o ther  optimum area va lues .  
* 
j 
Assume t h a t  S t e p s  1 and 2 have  been  performed. Now con- 
s i d e r  any open member, say  t h e  i t h .  I f  w e  f i x  t h a t  area of 
t h i s  member a t  Ai, the  express ion  for  the  remain ing  optimum 
areas i s  found  by appropriately modifying Equation (9) ; thus ,  
A =  
* 
0 
A -  L 
C 
where the symbol o-i denotes t h e  sumnation over a l l  t h e  open 
members excep t   t he   i t h .  When t h e  a r e a  A i  i s  f ixed  a t  i t s  op- 
timum value Ai, Equation  (17)  reduces  to  Equation ( 9 ) .  When t h e  
9: 
.t. 
area Ai i s  f i x e d  a t  a va lue  g rea t e r  t han  A;, w e  sha l l  deno te  t h e  
values  given by Equation  (17) as A. . We must show t h a t  
A*" < A: o r  t h a t  
Jx9: 
0 -  
@ . -  1 
C 
A -  E 
C 
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Since  Ai 2 A; the denominator on the  l e f t  i s  g r e a t e r  t h a n  o r  
equal  t o  the denominator on t h e  r i g h t  and t h e  i n e q u a l i t y  ob- 
v ious ly   ho lds .  Hence S tep  3 is  j u s t i f i e d .  
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D. Optimum Truss  Configurat ions 
The equivalence of maximum r i g i d i t y   w i t h  minimum t o t a l  
s t r a in  ene rgy  o r  un i fo rm stress f o r  a given volume of material 
has been suggested by a number of  authors  ( ref .  2 ,3 ,4 ,5 ,6)  
beginning with H. R.  Cox i n  1936 and cont inuing with Richards 
and Chan i n  1966.  Saelman  (.ref. 7 ) demonstrated in  1958 that  
t hese  cond i t ions  do n o t  r e s u l t  i n  maximum s t i f f n e s s  f o r  t h e  
torsion problem; Barnett  (r .ef .  1,8) proved a similar r e s u l t  
f o r  beams and established the circumstances under which minimum 
def lec t ion  des igns  d isp lay  uni form maximum f i b e r  stresses. 
We s h a l l  b e g i n  t h i s  s e c t i o n  by re-emphasizing the previously 
e s t ab l i shed  r e l a t ionsh ip  be tween  optimum s t i f f n e s s / w e i g h t  
t r u s s e s  and uniform stress t r u s s e s .  
Fo r  s t a t i ca l ly  de t e rmina te  t ru s ses  p ropor t ioned  en t i r e ly  
on t h e  b a s i s  o f  s t i f f n e s s ,  t h e  minimum weight W (Case  4) i s  
given by Equation (10) .  The corresponding weight of t h e  uniform 
stress t r u s s  Wc i s  given by Equation (31) i n  Appendix 11. When a l l  
b a r  areas a r e  open  and only one mater ia l  i s  used, w e  w i s h  t o  
show t h a t  W 5 Wc. Thus, 
* 
* 
From Schwarz ' s  inequal i ty  w e  conclude t h a t  W 5 Wc and t h a t  t h e  
e q u a l i t y  h o l d s  i f  and only i f  uo i s  p r o p o r t i o n a l  t o  S o y  i . e .  , 
buo + cSo = 0 where b and c are cons t an t s .  
f< 
We s h a l l  f i r s t  c o n s i d e r  t h e  c a s e  where t h e  a c t u a l  and v i r -  
t ua l   l oad ings   a r e   p ropor t iona l .  Here, So i s  p r o p o r t i o n a l  t o  uo 
and t h e  minimum d e f l e c t i o n  t r u s s  i s  uni formly  s t ressed .  
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I t s  weight  can be found from ei ther  Equat ion (10) or (31) when 
w e  t a k e  So/uo = k and only one material is  used, 
This  equat ion  represents  the  lowes t  poss ib le  weight  for  a 
s t a t i ca l ly  de t e rmina te  t ru s s  o f  g iven  conf igu ra t ion  wh ich  i s  
des igned  for  a s p e c i f i e d  d e f l e c t i o n  A ( o r  s t i f f n e s s  k / A ) .  I f  
w e  w i s h  t o  select t h e  optimum t rus s  conf igu ra t ions  f rom a l l  pos- 
s i b l e  minimum weight  candida tes ,  w e  must choose those which 
minimize the quant i ty  shown in  the  b racke t s  o f  Equa t ion  (20) .  
In  1904,  Michel l  ( ref .9  ) deve loped  the  cond i t ions  fo r  
minimizing  the  quant i ty  x lSo l  Lo. The a s soc ia t ed  minimum weight 
s t r u c t u r e s  are usua l ly  found  to  be  s t a t i ca l ly  de termina te ;  how- 
e v e r ,  h y p e r s t a t i c  M i c h e l l  s t r u c t u r e s  may sometimes occur.  If  
this  should happen,  i t  is  a lways  poss ib le  to  f ind  an  equal  
we igh t   s t a t i ca l ly   de t e rmina te   Miche l l   s t ruc tu re .   Re fe r r ing   t o  
t h e  l i t e r a t u r e  w r i t t e n  i n  E n g l i s h ,  t h i s  i s  guaranteed by t h e  
theorems  of  Sved  (ref. 10) and Barta ( r e f .  11) which s ta te  
tha t  i n  p in - jo in t ed  p l ane  o r  space  s t ruc tu res  of n bars  involv-  
ing  r redundancies ,  i t  i s  p o s s i b l e  t o  o b t a i n  a s t a t i ca l ly  d e t e r -  
mina te  s t ruc ture  which  y ie lds  the  least  poss ib le  weight  by 
removing r properly chosen redundant bars from the given network. 
The theorem holds  for  f ixed ,  no t  necessar i ly  equal ,  permiss ib le  
stresses i n  t e n s i o n  and compression. 
0 
T o  summarize, when t h e  a c t u a l  and v i r t u a l  l o a d i n g s  on a 
t r u s s  are p r o p o r t i o n a l ,  t h e  optimum s t i f f n e s s / w e i g h t  t r u s s  i s  
given by a M i c h e l l  s t r u c t u r e ,  e i t h e r  s t a t i c a l l y  d e t e r m i n a t e  o r  
inde termina te ,  des igned  for  equal  magni tude  tens i le  and compres- 
s i v e  stresses. Such a s t r u c t u r e  m i n i m i z e s  t h e  t o t a l  s t r a i n  
energy as shown by Richards and Chan ( r e f  . 5  ) who propose  th i s  
c o n d i t i o n  a r b i t r a r i l y  as a g e n e r a l  s t i f f n e s s  c r i t e r i o n .  
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The authors H. L .  Cox ( r e f .  3 ) and Hemp ( r e f .  4 ) a lso  adopt  
t h i s  minimum s t ra in  energy  argument ;  bu t ,  they  incor rec t ly  
propose  the  genera l  Michel l  s t ruc ture  wi thout  requi r ing  tha t  
a l l  stresses have the same magnitude. 
Very few s i t u a t i o n s  arise where  the  ac tua l  and v i r t u a l  
loadings are p ropor t iona l .  Such cases are encountered when 
a s ing le  concen t r a t ed  load  acts on a t r u s s  and t h e  d e f l e c t i o n  
under   the  load i s  minimized. Examples o f  t h i s  case are fu r -  
nished by t h e  M i c h e l l  s t r u c t u r e s  shown i n F i g u r e s  4 a  and 4b 
which minimize, r e s p e c t i v e l y , t h e  c e n t r a l  and t i p  d e f l e c t i o n s .  
We n o t e  t h a t  t h e  l e n g t h  t o  d e p t h  r a t i o  f o r  t h e s e  optimum mem- 
be r s  may b e  i m p r a c t i c a l l y  l a r g e ;  f o r  t h e  optimum simply suppor- 
t e d  beam L/d = f i .  For such problems, the work done by t h e  
s i n g l e  f o r c e  F ac t ing  th rough  the  de f l ec t ion  6 must  equa l  the  
s t r a i n  e n e r g y  U; t h u s ,  
I n  t h i s  s i m p l e  s i t u a t i o n  it is  c l e a r  t h a t  t h e  s t r u c t u r e  minimiz- 
ing U w i l l  also minimize 6 .  
I f  s eve ra l  l oads  of t h e  same magnitude F a c t  on  a t r u s s  
and 6i r ep resen t s  t he  de f l ec t ion  unde r  the  i t h  l o a d  i n  t h e  
d i r e c t i o n  of i t s  a c t i o n ,  t h e  optimum may aga in  lead  to  a Michell  
s t ruc tu re .  Equa t ing  the  s t r a in  ene rgy  U t o  t h e  work  done by t h e  
fo rces  F w e  ob ta in  
Consequently, a s t r u c t u r e  which minimizes the strain energy w i l l  
a lso minimize the sum of  the displacements  under  the forces  F.  T o  
formula te  th i s  problem us ing  v i r tua l  loads ,  w e  n o t e  t h a t  t h e  d e f l e c -  
t ion  formula ,  Equat ion  ( l ) ,  used  in  the  uni t  load  method when 
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(a) Simply Supported Beam 
(blcantilever Beam 
Fig.4 OPTIMUM STIFFNESS /WEIGHT MEMBERS 
(MICHELL STRUCTURES) 
s e v e r a l  u n i t  l o a d s  are placed on a s t r u c t u r e  p r e d i c t s  t h e  sum 
of  the  def lec t ions  which  occur  under  the  uni t  loads .  Thus ,  in  
t h i s  case, w e  would p l a c e  a un i t  l oad  to  co r re spond  to  each  
load F .  The r e s u l t i n g  v i r t u a l  l o a d i 2 g  would b e  r o p o r t i o n a l  t o  
the   ac tua l   l oad ing ,  A would  be  interpreted as f 6  and t h e  
optimum t r u s s  would be a un i fo rmly  s t r e s sed  Miche l l  s t ruc tu re .  
Now, i f  we wish  to  minimize  the  sum of  the  def lec t ions  under  
a set  of loads of unequal magnitudes,  w e  obse rve  tha t  t he  ac tua l  
and v i r t u a l  l o a d i n g s  are no  longer  propor t iona l  and t h a t  t h e  
optimum t rus s  canno t  be  a Miche l l  s t ruc tu re .  
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The two cases l ead ing  to  Miche l l  s t ruc tu res  wh ich  w e  have 
j u s t  examined are probably the only s i tuat ions where So and uo 
are p r o p o r t i o n a l .  I n  a l l  other  problems minimum s t r a i n  e n e r g y  
s t r u c t u r e s  w i l l  not  provide optimum s t i f f n e s s / w e i g h t  t r u s s e s .  
For such problems i t  does  no t  appea r  t o  be  d i f f i cu l t  t o  choose  
bar  arrangements  which lead to  the degenerate  case descr ibed 
under Case 3 i n   S e c t i o n  B. Here, w e  recall  that p o s i t i v e ,  
n e g a t i v e ,  o r  z e r o  d e f l e c t i o n s  c a n  b e  o b t a i n e d  w i t h  a n  i n f i n i t e  
number of  t russes  of  vanish ingly  small weight.  The s t r u c t u r e  shown 
i n  F i g u r e  1 provides an example of a degenera te  t russ  des ign .  
f o r  a s ingle  concentrated load which does not  act  at  the node 
where w e  are i n t e r e s t e d  i n  t h e  d e f l e c t i o n .  
Another  example i s  i l l u s t r a t e d  i n F i g u r e  5 where  i t  i s  r e -  
q u i r e d  t h a t  w e  m i n i m i z e  t h e  c e n t r a l  d e f l e c t i o n  i n  a t russ  under  
three  symnet r ica l ly  loca ted  forces .  Examinat ion  of F igure  5a  makes 
i t  clear t h a t  a v i r t u a l  u n i t  l o a d  p l a c e d  i n  t h e  c e n t e r  o f  t h e  
span  canno t  be  p ropor t iona l  t o  the  th ree  fo rces  shown; conse- 
quen t ly ,  t he  optimum t r u s s  w i l l  no t  be  a M i c h e l l  s t r u c t u r e .  Ob- 
se rve  tha t  t he  l i nkage  shown i n  F i g u r e  5b w i l l  provide an upward 
f o r c e  and movement a t  t h e  c e n t e r  node t o  c o u n t e r a c t  t h e  l o a d  Q. 
Adding b a r s  t o  t h i s  mechanism, w e  c a n  o b t a i n  t h e  s t a t i c a l l y  
de t e rmina te  t ru s s  shown i n  F i g u r e  5 c .  
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(a) Specified  Loading 
( b )  Linkage 
(c) Degenerate Truss 
Fig. 5 OPTIMUM TRUSS DESIGN 
(Virtual and Actual  Loadings not Proportional) 
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A simple' s t a t i c  a n a l y s i s  i n d i c a t e s  t h a t  t h e  members AB and BC 
i n  t h i s  t r u s s  w i l l  provide negat ive values  of  the product  Su 
when the dimension a i s  ad jus ted  so t h a t  
Q - = a P  
2b 
Hence, t he  cond i t ions  of Case 3 are real ized;  namely,  both 
p o s i t i v e  and negat ive  va lues  of  Souo occur  in  the  same t r u s s .  
The ba r  a reas  may b e  a d j u s t e d  i n  an i n f i n i t e  number of ways 
t o  o b t a i n  any c e n t r a l  d e f l e c t i o n  d e s i r e d .  We n o t e  i n  c l o s i n g  
t h a t  when t h e  a c t u a l  and v i r t u a l  l o a d i n g s  are p ropor t iona l ,  
a n e g a t i v e  d e f l e c t i o n  would v i o l a t e  t h e  c o n s e r v a t i o n  of energy. 
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APPENDIX I* 
OPTIMUM STIFFNESS/WEIGHT BEAMS 
A d e t a i l e d  development of minimum weight beams designed for  
d e f l e c t i o n  may be  found  in  r e f .  1. The r e l a t i v e l y  e x a c t  treat- 
ment g iven  there  for  I -beams,  unfor tuna te ly ,  masks the  inf luence  
of some of the important  beam parameters on optimum beam weight.  
Here, w e  o b t a i n  a very s imple formula for  minimum beam weight 
by using approximate expressions for  t h e  moment o f  i n e r t i a  and 
shape  fac tor .  
I-BEAM SECTION 
The moment of i n e r t i a  and shape  fac tor  for  t h e  s e c t i o n  shown i n  
t h e  above f i g u r e  are, 
1;- d2 
12 (3Af + A w l  
a / A  +- l / A w  . . . ( s e e  r e f .  13) .  
"- ,, 
The m a t e r i a l  i n  t h i s  a p p e n d i x  was taken from the paper by 
Barne t t  ( r e f .  12 )  and is inc luded  here  for  the  sake  of  com- 
p l e t eness .  
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The d e f l e c t i o n  of any s ta t ical ly  determinate  beam i s  given by 
A - / ( a . m ) d x = [ [  12Mm + -3 GAW dx (21) 
S Ed (3Af + A,) 
where M is  the bending moment, V i s  the  shea r ,  m is  t h e  v i r t u a l  
moment and v i s  the  v i r tua l  shea r  caused  by a uni t  load  p laced  
where  the  def lec t ion  is  des i r ed ,  G i s  the  shea r  modulus  and the  
i n t e g r a l  i s  taken over  the span S .  The weight of t h e  beam i s  
given by, 
w = JP(Af + AJ dx (22) 
S 
Using va r i a t iona l  ca l cu lus ,  t he  cond i t ions  fo r  min imiz ing  
the weight W sub jec t  t o  the  r equ i r emen t  t ha t  A i s  equa l  t o  a 
s p e c i f i e d  c o n s t a n t  a r e  
12% + -]} = 0 (23) 
+ k)  GAW 
where y i s  a cons tan t  mul t ip l ie r .  Per forming  t h e  opera t ions  i n  
Equation (23) and ( 2 4 ) ,  and e l imina t ing  y with Equation (21), 
t h e  optimum a r e a  d i s t r i b u t i o n s  become 
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S u b s t i t u t i n g  t h e s e  areas in to  Equa t ion  (22), w e  o b t a i n  an  ex- 
p r e s s i o n  f o r  t h e  minimum weight beam. 
where 
The approximation represented by Equation (27 )  i s  u s e f u l  
fo r  s ens ib ly  p ropor t ioned  beams;  however, for  very  small 
length- to-depth rat ios ,  the weight  may be  grea t ly  underes t imated  
by v i r tue  o f  t he  nega t ive  f l ange  wid th  desc r ibed  by Equation ( 2 6 ) .  
I f  w e  d e s i r e  t o  s t u d y  an i n f i n i t e l y  d e e p  beam, f o r  example, w e  
should  abandon t h i s  development and reformulate the problem. 
An i n f i n i t e l y  d e e p  f l a t  p l a t e  o f  f i n i t e  c r o s s - s e c t i o n a l  area 
Aw has an i n f i n i t e  moment o f  i n e r t i a  and, consequently, w i l l  
n o t  e n t e r t a i n  any bending   def lec t ion .  The shea r  de f l ec t ion ,  
on the other hand, depends only on the  l eng thwise  d i s t r ibu t ion  
of Aw. The  optimum area d i s t r i b u t i o n  c a n  b e  shown t o  b e  
% = 5AG fir 1 6  dx..  . . i n f i n i t e l y  d e e p  p l a t e  (29) 
S 
The corresponding beam weight i s  
2 




CONSTANT STRESS TRUSSES 
The weight of a uniform stress t russ  des igned  for  def lec-  
t ion of ten approximates  and sometimes equals the weight of a 
minimum weight  t russ .  The b a r  areas of such a t r u s s  are given 
by 
I sol A. = -
U 
where  the stress cr i s  a cons t an t .  By s u b s t i t u t i n g  A. i n t o  
Equation (l), the  va lue  of  u may be found for any s p e c i f i e d  
de f l ec t ion ;   t hus  
u =  n 1 so uoLo 
0 I sol Eo 
Using the  express ions  for  A. and B, the weight of a con- 




1. End Loaded Can t i l eve r s .  - In  th i s  append ix ,  w e  s h a l l  compute 
the weight  of a minimum we igh t ,  cons t an t  dep th ,  can t i l eve r  t ru s s  
and  beam sub jec t ed  to  a concentrated end load.  The t r u s s  geom- 
e t r y  i s  de f ined  in  F igu re  6 .  Expressions are given  below  for 
t h e  a c t u a l  and v i r t u a l  b a r  f o r c e s  and the  ba r  l eng ths .  
n+3 n = 1, 3, 5 ,  ... N - 1  -
u  n = (-1) “z 
- n 
u = (-1) 2 %  n 
L n = d  7 l + a  n = 1, 3, 5,  .. . N - 1  
Ln = 2a n = 2 ,  4 ,  6 ,  . .. N-2  
Ln = a n = N  
where 
a a /d  
N = 2(L/a) 
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Fig.6 END LOADED CANTILEVER TRUSS 
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IIII I I I1 
It i s  n o t e d  t h a t  t h e  r a t i o  S / u  = P for  each  of t h e  t r u s s  members. 
S i n c e  t h i s  r a t i o  i s  cons tan t  th roughout  the  t russ ,  the  minimum 
weight design and the uniform stress des ign  are equ iva len t .  
Using the  expres s ions  fo r  Sn, un, Ln, t he  t ru s s  we igh t  
may be computed from Equation (10) .  
The minimum of th i s  express ion  occurs  when t h e  web members a r e  
placed a t  45 degree angles ,  i . e . ,  a = 1. The v a r i a t i o n  o f  W 
for  angles  near  45 degrees i s  q u i t e  small as can be seen from 
Figure 7 .  For a = 1, W becomes 
* 
Jc 
Wn = n o  
.I- pL2 (2 + L/d)2 
(34) 
I f  an I-beam i s  used instead of  a t r u s s ,  i t s  weight i s  computed 
from Equation (27) when 
M = Px 
m = x  
V = P  
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Fig. 7 VARIATIONS OF TRUSS WEIGHT 
WITH W E B   A N G L E  
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and x is measured from t h e  free end.  Thus, 
The r a t i o  o f  beam t o  t r u s s  w e i g h t  is  found from Equation ( 3 4 )  
and  (35). 
W (L/d)' + 7 / +  B(L/d) + 3 B2 (L/d)2 + 2.580  (L/d) + 1.667 beam = - 
' truss (2 + L/d)' (2 + L/d)' 
(36) 
f o r  p2 = 2.5 .  T h i s  r a t i o  i s  p l o t t e d  a g a i n s t  L / d  i n  F i g u r e  2 .  
2 .  Can t i l eve r  Under a Triangular Loading. - The t r u s s  d e f i n e d  i n  
F igure  8 sha l l  be  des igned  fo r  minimum weight and uniform stress. 
The r e s u l t i n g  d e f l e c t i o n  d e s i g n s  w i l l  be  compared t o  a minimum 
weight  constant  depth I-beam o f  e q u i v a l e n t  s t i f f n e s s .  
The a c t u a l  and v i r t u a l  b a r  stresses and t h e  member lengths  
f o r  t h e  t r u s s  are given by the fol lowing expressions:  
- n+3 
sn = (-1) 2 "'dL7($ + & 
L2 ' 1  
n = 1, 3 ,  5,  . .. N - 1  
u = (-1) n 
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Fig. 8 TRUSS UNDER A TRIANGULAR LOADING 
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sn = (-1) 
3L 
n = 2 ,  4 ,  6,  ... N 
Ln = 2a 
Ln = a 
n = 1, 3, 5,  . .. N - 1  
n = 2 ,  4 ,  6 ,  ... N - 2  
n = N  
where 
c1 E a /d  
N = 2(L/a) 
Subs t i t u t ing  these  in to  Equa t ion  (lo), w e  ob ta in  t h e  weight 
of a minimum we igh t  t ru s s .  
L n = l ,  3 
Introducing  the  approximat  ion 
N- 1 N- 1 1 $$)2 + c (q) I: - L2 





(1 + a2) + 2 (L/d)] (37 )  2 
For  th i s  l oad ing ,  i t  is clear t h a t  t h e  optimum web angle  
i s  n o t  45 degrees.  For  L/d = 1, a = 0.79; as L/d-m, a-1. 
The weight of a uni form or  cons tan t  stress t r u s s  i s  found from 




d ( 1  + a2)  + x 2a + % 2 a 
n=2,4 
c 
wc - R L ~  1% 3 +2a 2 + & + 2a(L/d) + (L/d) 2 + 3 + i ( L / d )  + 7 
a 
(38)  
The r a t i o  o f  t h e  weights of t h e  minimum weight  t russ  and t h e  
cons t an t  stress t r u s s  i s  found  from  Equation  (37) and (38). 
For a = 1 i t  becomes 
“ L =  ‘min 27 [ 3 6  + 2 (L/d) + cL+d,] 
(39 )  
T h i s  r a t i o  i s  p lo t t ed  aga ins t  L /d  in  F igu re  2 .  
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The fo l lowing  express ions  g ive  the  ac tua l  and v i r t u a l  
bending moments and shea r  ac t ing  on an I-beam subjected to a 
t r i angu la r  l oad ing .  
R x  3 M = -  
3L2 
m = x  
R x  2 v = -  
L2 
v = l  
where x i s  measured  from  the  free  end  of  the  cantilever.  Using 
these  r e l a t ionsh ips ,  t he  we igh t  o f  a minimum weight I-beam can 
be computed from Equation (27) ; thus ,  
The r a t i o  o f  t h e  weights  of  the minimum weight beam and the  min- 
imum weight truss can be found from Equation (37) and (40) .  
For c1 = 1 and 8’ = 2.5 ,  t h e  r a t i o  becomes 
‘beam - 4(1.667 + L/d)2 
- [5.196 + 2(L/d) + 1’ 
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